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Abstract 

In this paper, a new construction of vertex algebras from more general vertex 
operators is given and a notion of quasi module for vertex algebras is introduced and 
studied. More specifically, a notion of quasi local subset(space) of Hom (W, W{{x))) 
for any vector space W is introduced and studied, generalizing the notion of usual 
locality in the most possible way, and it is proved that on any maximal quasi 
local subspace there exists a natural vertex algebra structure and that any quasi 
local subset of Hom {W, W{{x))) generates a vertex algebra. Furthermore, a notion 
of quasi module for a vertex algebra is introduced and it is proved that W is a 
quasi module for each of the vertex algebras generated by quasi local subsets of 
Ilom{W,W{{x))). A notion of F-vertex algebra is also introduced and studied, 
where F is a subgroup of the multiplicative group of nonzero complex numbers. 
It is proved that any maximal quasi local subspace of Hom {W, W{{x))) is naturally a 
F-vertex algebra and that any quasi local subset of Hom (W, W{{x))) generates a F- 
vertex algebra. It is also proved that a F-vertex algebra exactly amounts to a vertex 
algebra equipped with a F-module structure which satisfies a certain compatibility 
condition. Finally, three families of examples are given, involving twisted affine 
Lie algebras, certain quantum Heisenberg algebras and certain quantum torus Lie 
algebras. 

1 Introduction 

Vertex (operator) algebras are often viewed as some kind of generalized algebras, equipped 
with infinitely many compatible multiplications parameterized by Z. Another viewpoint 
is that vertex operator algebras are "algebras" of vertex operators, just as classical (as- 
sociative or Lie) algebras are algebras of linear operators. This particular viewpoint was 
emphasized in [FLM] and the philosophy was deeply reflected in |Lilj where a theory of 
representation for a vertex algebra was developed and a general construction of vertex 
algebras together with modules was given, by using vertex operators. 

For a vector space W, a (weak) vertex operator on W ( |Lilj . [LL]) is an element 
of }iom{W,W{{x))) which is alternatively denoted by S{W). A subset (subspace) U of 
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S{W) is said to be local if for any a{x),b{x) G U, there exists a nonnegative integer k 
such that 

(xi - X2)^a{xi)b{x2) = {xi - X2)^h{x2)a{xi). (1.1) 

It was proved in |Lilj that any maximal local subspace of £{W) is naturally a vertex 
algebra with as a natural module, where the identity operator ly/ is the vacuum 
vector and for a{x),h{x) G £{W), n&'L, 

a{x)nb{x) = Res^ri ((^i ~ x)^a{xi)b{x) — (— x + xi)"6(x)a(xi)) . (1.2) 

Furthermore, it was proved therein that any local subset of S{W) canonically generates 
a vertex algebra with W a module. (Notice that Zone Lemma simply implies that any 
local subset of S{W) is contained in some maximal local subspace.) If W is taken to be a 
highest weight module (or more generally a restricted module) for an untwisted affine Kac- 
Moody Lie algebra or the Virasoro algebra, the generating functions form a local subspace 
of S{W), so that one has a natural vertex algebra with IV as a module. In this way one 
has vertex (operator) algebras and modules associated with affine Lie algebras (including 
infinite-dimensional Heisenberg algebras) and the Virasoro algebra. (Historically, vertex 
operator algebras were constructed differently (see [Bl], [DL], [FLM], [FZ]).) 

In the theory of Lie algebras, similar to untwisted affine Kac-Moody Lie algebras, there 
are some other interesting Lie algebras such as twisted affine Kac-Moody Lie algebras (see 
[Kl]), Lie algebras of g-pseudodifferential operators on the circle (sin-algebra) (see [G-K- 
L]) and some quantum torus Lie algebras (see [G-K-L], [BGT]). If IV is a "restricted" 
module for such a Lie algebra, the generating functions, which are elements of S{W), are 
not local. Instead, they satisfy the relation 

p{xi/x2)a{xi)b{x2) = p{xi/x2)b{x2)a{xi) (1.3) 

(cf. (II. Ij) ) for some nonzero polynomial p{x). It has been a fundamental question whether 
these Lie algebras (through restricted modules) can be associated with some vertex- 
algebra-like structures in the same (or similar) way as (or to) that untwisted affine Lie 
algebras are associated with vertex algebras. In [G-K-K], Golenishcheva-Kutuzova and 
Kac associated these Lie algebras (without central extension) to certain Lie-algebra-like 
structures called F-conformal algebras. (In fact, as it was proved therein, F-conformal 
algebras are Lie algebras acted by F by automorphisms.) But the original question still 
remains open. 

In this paper, we give a complete answer to this question by establishing a conceptual 
result analogous to that of [Li2] . We found that these Lie algebras can also be associated 
with ordinary vertex algebras in a certain natural way. Namely we proved that the 
generating functions as elements of S{W) for a restricted module W still generate an 
ordinary vertex algebra in a certain new and natural way. This is rather unexpected. 
First, due to the general locality p.3|) of vertex operators we started with, we would 
expect certain vertex-algebra-like objects which are essentially defined by the general 
locality. (Motivated by our result we then prove fProposition l5.1|) that vertex- algebra-like 
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objects defined by the general locality are ordinary vertex algebras.) Second, the known 
constructions of vertex algebras from local (twisted) vertex operators (see |Lilj . |Li2j . cf. 
|Li3j . [GL]) correspond to the notions of (twisted) module or (twisted) representations for 
vertex algebras, but there is no notion other than that of (twisted) module in the aspect of 
representation. In reality, those generating functions generate an ordinary vertex algebra, 
but for this vertex algebra, the space W equipped with the natural action is neither a 
module nor a twisted module in the usual sense. Then this new construction of vertex 
algebras from more general vertex operators naturally leads us to a notion of what we call 
quasi module for a vertex algebra. Quasi modules naturally include modules and certain 
"deformation" of twisted modules as we shall see through examples. Just as the notions of 
module and twisted module, this new notion should also be of fundamental importance. 

In the following we give an outline of this paper. We first start with what we call quasi 
local subspaces of £(W) for an arbitrarily given vector space W. A subset (subspace) U 
oi S{W) is quasi local if for any a{x), b{x) G U, there exists a nonzero polynomial /(xi, X2) 
such that 

f{xi, X2)a{xi)b{x2) = f{xi,X2)b{x2)a{xi). (1.4) 

(Arguably, this is the most possible generalization of usual locality (HHl).) 

We then consider appropriate actions of vertex operators on vertex operators. It is 
important to point out that in this generality, the actions of vertex operators on vertex 
operators defined by ()1.2|) are not appropriate. In fact, as we have seen in jLilj . even in 
the (fermionic) supercase, ()1.2j) should be modified; if 

(xi — X2)^a(xi)6(x2) = —{xi — X2)'^b{x2)a{xi) (1.5) 

for some nonnegative integer k, a{x)nb{x) should be defined by 

a{x)nb{x) = Res ((a;i — x)'^a{xi)b{x) + (— x + Xi)"6(x)a(a;i)) . (1.6) 

On the other hand, it was proved in [LL] (see also [R]) that for any subspace U of £(W) 
which contains the identity operator l^y and is closed under the action defined by (|1.2|) . 
f/ is a vertex algebra if and only if U is local. 

In |Li3j . motivated by [B2] we have studied suitably defined "compatible" subspaces of 
S{W) where compatibility generalizes the usual locality in a certain direction. We intro- 
duced a notion of (axiomatic) Gi-vertex algebra and showed that compatible subspaces of 
S{W) naturally give rise to Gi-vertex algebras with W as a. module. In jLi3j . the actions 
of vertex operators on vertex operations were essentially defined by using the operator 
product expansion or weak associativity, just as the product for classical associative alge- 
bras are defined by the associativity {ab)w = a{bw). Informally, a(x)„6(x) for n G Z were 
defined in terms of generating function y {a{x) , Xo)b{x) = '^nez'^(^)nb{x)xQ^~^ by 

{w* , {y{a{x),xo)b{x))w) = {w* , a{xo + x)b{x)w) (1.7) 

for w* G W*, w G W. (This was precisely defined in terms of t-maps.) In this paper, we 
extend this definition by naturally extending the i-maps explored in [FLM], [FHL] and 
[LL]. 
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Note that this definition requires that the product a{xi)b{x2) be of a certain form, so 
that y is only a partial map on £(W) <^£(W), unhke the usual case where y was defined 
on the whole space S(W) ®£{W). Nevertheless, for any quasi local subspace U of S(W), 
3^ is a linear map from U ® U to S{W){{x)). If f/ is a maximal quasi local subspace 
of S(W), we show that U contains Iw, y niaps U ®U into U{{x)) and that (f/, 3^, Ivy) 
carries the structure of a vertex algebra. For any quasi local subset S of £{W), in view of 
Zorn lemma, there exists a maximal quasi local subspace U containing S. Consequently, 
5* generates a (canonical) vertex algebra inside £{W). 

There is a new feature of quasi locality. Similar to the map y we define a family of 
(partial) maps 3^q, for a G by 

{w* ,{ya{a{x),XQ)h{x))w) = {w* , a{xo + ax)b{x)w) (1.8) 

for w* G W*, w G W. It is proved that if f/ is a maximal quasi local subspace of S(W), for 
any nonzero complex number a, 3^q, maps U ®U to U{{x)), so that U is equipped with a 
family of linear maps 3^q, for a G . (If U is a maximal local subspace of S{W), this is not 
true in general.) We furthermore obtain a Jacobi-like identity for (f/, {3^a}, Iw) (Theorem 
I4.9|l . Motivated by this and by the notion of F-conformal algebra in [G-K-K] we introduce 
a notion of F-vertex algebra, where F is any group equipped with a group homomorphism 
from F to and we show that a F-vertex algebra amounts to an (ordinary) vertex 
algebra equipped with a F-module structure satisfying a certain compatibility condition. 
In terms of this notion, we have proved (Theorem 14. 9p that for any maximal quasi local 
subspace U of S(W), {U, Iw) carries the structure of a F-vertex algebra with F any 

subgroup of and that any quasi local subset of £{W) generates a F-vertex algebra. 

Another important issue is about the module structure on W for vertex algebras in 
S{W), generated by quasi local subsets. Even though we still get ordinary vertex algebras 
from quasi local vertex operators on W, W equipped with the natural action of those 
vertex algebras is not a module in the usual sense, unlike the usual case |Lilj . in which 
W is naturally a module. Motivated by this, we formulate and study a notion of what we 
call "quasi module" for a vertex algebra V. A quasi ^-module satisfies all the axioms in 
the definition of the notion of module except that the Jacobi identity axiom is replaced 
by the axiom that for u,v & V, there exists a nonzero polynomial f{xi,X2) (depending 
on {u,v)) such that the Jacobi identity for {u,v) multiplied by f{xi,X2) holds. In terms 
of this notion, we have that for any vector space W, any maximal quasi local subspace of 
£{W) is naturally a vertex algebra with W a quasi module and any quasi local subset of 
S{W) generates a vertex algebra with ly as a quasi module. 

In the last section, as an application of our general results we study three families 
of examples. In the first family, we consider untwisted affine Lie algebra g associated to 
any Lie algebra g equipped with a nondegenerate symmetric invariant bilinear form and 
twisted affine Lie algebra Q[a] associated with an automorphism a of g of (finite) order. 
We show that on any restricted 0[cr]-module W of level £ G C, there exists a unique 
quasi module structure for the vertex operator algebra Vg(£, 0) (cf. [LL]). It has been 
known f |ILi2| . cf. [FLM]) that on any restricted g[(j]-module W of level i, there exists a 
unique cx-twisted module structure for Vg(£, 0). This suggests that for a vertex algebra 



4 



V, twisted ^-modules with respect to finite order automorphisms should be connected 
with quasi modules. In a sequel |Li5j . we shall study the relations between cr- twisted V- 
modules and quasi V-modules, for a general vertex operator algebra V and for any finite 
order automorphism a of V. We conjecture that the category of a- twisted ^-modules is 
canonically isomorphic to a subcategory of quasi l^-modules. In this way, quasi modules 
unify modules and twisted modules. This connection may shed some light on some difficult 
problems in the study of orbifold theory (see [DM]). 

In the second family, we study a certain "quantum" Heisenberg Lie algebra l)g associ- 
ated with a vector space () equipped with a nondegenerate symmetric bilinear form and 
with a nonzero complex number q. We show that any restricted ()g-module is a quasi mod- 
ule for a certain Heisenberg vertex algebra. In the third family, we study certain quantum 
torus Lie algebras (see [G-K-L], [BGT]) and we show that any restricted module is a quasi 
module for a certain vertex algebra associated with a certain affine Lie algebra g. It was 
known (see [BGT]) that some of quantum torus Lie algebras are essentially extended 
affine Lie algebras (without derivations added). Previously, toroidal extended affine Lie 
algebras have been related to vertex algebras (see [BBS], [BDT]). It is our belief that all 
the extended affine Lie algebras (see [AABGP]) can be linked to (general) untwisted affine 
Lie algebras and then to vertex algebras in a similar way. 

While one of our motivations for this paper is to find a solution to the question 
mentioned earlier, our main motivation is to develop a theory of quantum vertex algebras 
so that quantum affine algebras in [FJ] will naturally give rise to quantum vertex algebras 
just as (untwisted) affine Lie algebras naturally give rise to vertex algebras. The quantum 
vertex operators studied in [FJ] do not satisfy quasi locality, but they are "compatible" in 
the sense that is defined here, so that the actions of vertex operators on vertex operators 
have been defined. In several places our setting is more general than we need for this 
paper. This is exactly for our study on quantum vertex algebras in a sequel |Li4j . 

The main results of this paper were reported in the workshop "Conformal Field Theory 
and Vertex Algebras," Osaka, Japan (January 10-12, 2004). We would like to thank 
Professors Nagatomo and Tsuchiya for invitation and for their hospitality. 

This paper is organized as follows: In Section 2, we extend the usual iota maps and 
we discuss certain associativity and cancelation properties. In Section 3, we introduce 
certain basic operations on S{W) and present some basic properties. In Section 4, we 
study quasi local subspaces of £(W) and prove the key results. In Section 5, we study 
vertex algebras and quasi modules. In Section 6, we introduce and study the notions of 
F-vertex algebra and quasi module. In Section 7, we give three families of examples of 
vertex algebras and quasi modules. 
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2 Some formal calculus 

In this section we define certain iota maps, which generahze the usual iota maps introduced 
in [FLM] , [FHL] and [LL] . We also discuss the subtle issues of associativity and cancelation 
laws in formal calculus. 

First, throughout this paper, x, xq, 2:2, x^, . . . are mutually commuting indepen- 
dent formal variables. Vector spaces are considered to be over the field C of complex 
numbers, though any algebraically closed field of characteristic zero will work fine. 

For a vector space f/, U{{x)) is the space of lower truncated (infinite) integral power 
series of x with coefficients in f/, f/[[a;]] is the space of (infinite) nonncgativc integral 
power series in x with coefficients in U and t/[[a;, x^^]] is the space of doubly infinite 
integral power series in x with coefficients in U . Multi-variable analogues of these spaces 
are defined in the obvious way. For example, C/[[xi,X2, . . . is the space of (infinite) 
nonnegativc integral power series in Xi, . . . ^Xr with coefficients in U and f/((a;i, 2:2, . . . , x,,.)) 
is the space of lower truncated (infinite) integral power series in xi, . . . , a;^ with coefficients 
in U: 

U{{xi, Xr)) - U[[xi, Xr]] [x^\ . . . , x;']. (2.1) 

Remark 2.1. Let F be any field. Then F{{x)) is a field. In view of this, C((xi)), 
C((xi))((x2)),. . . , C{{x,Mx2)) ■ ■ ■ {{xr)) are fields. Clearly, 

C[X1, ...,Xr]C C[[X1, . . . , Xr]] C C((X1, . . . , Xr)) C C{{xi)){{x2)) ■ ■ ■ ((x,)). (2.2) 

Denote by C*(a;i, . . . , Xr) the localization of C[[a;i, . . . , Xr]] at C[a;i, . . . ,Xr]^ (the nonzero 
polynomials) : 

C^a^l, ...,Xr)= C[[Xi, . . . ,Xr]]c[xu...,Xr]x- (2-3) 

The field C{xi, . . . ,Xr) of rational functions, i.e., the fraction field of the polynomial 
ring C[a:i, . . . subring of C^{xi, . . . ,Xr). Since C[[a;i, . . . , 0;^]] is a subring of 

C{{xMi^,))---{{Xr)),C.{ Xi, . . . , Xr ) can be naturally embedded into C((a;i))((a;2)) ■ ■ ■ ((a;^)). 
Denote this embedding by 

l'xi,...,xr ■ C*(xi, ...,Xr)^ C{{xi)){{x2)) ■ ■ ■ {(Xr)). (2.4) 

For any permutation cr on {1, . . . , r}, tx^(i),...,a;^(^) denotes the embedding 

: C,(xi, ...,Xr)^ C((x^(i))) • • • {{X^(r)))- (2.5) 

In particular, ix2,xi denotes the embedding of C*(a;i,a;2) into C((a;2))((a;i)). For example, 
for any nonzero complex number a and for any integer n, 

i^xux2 i^i - (^^2)'^ ^^\ ] (-a)'<"'4 = {^1 - «2;2)", (2.6) 
ix2,xAxi - «X2)" = (-«)"-'4"'2;l = {-ax2 + xi)", (2.7) 
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where we are using the usual binomial series expansion conventions. Notice that par- 
tial derivative operators ^ act on both the domains and codomains and that partial 
derivative operators commute with the iota-maps. Furthermore, all the iota-maps are 
C((xi, . . . , a;r))-homomorphisms and they are identity on C{{xi, . . . , Xr))- 

In formal calculus ([FLM], [FHL], [LL]), associativity and cancelation for products of 
formal scries arc subtle issues. Let A be an associative algebra with identity (over C) and 
let U be an A-module. Let 

F,Ge A[[xf\ ]], H e U[[xf\ xf]]. 

The associativity F{GH) = [FG)H does not hold in general and on the other hand, it 
does hold if all the products GH, FG and FGH exist. As in associative algebra theory, 
associativity sometimes leads to cancelation. In the following we give a few useful cases. 

Lemma 2.2. Let U be any vector space, (a) Let f{xi,X2) G ^[[^^i"^) 2;^^]], m, n e Z. 
Then x^X2f{xi,X2) = if and only if f{xi,X2) — 0. 

(b) For f{xi,X2),g{xi,X2) e C{{xi)){{x2)) and for H(xi,X2) E U{{xi)){{x2)), we have 

f{xi,X2){g{xi, X2)H{xi, X2)) = ifixi, X2)g{xi, X2))H{xi,X2). (2.8) 

(c) Let H{xi,X2),K{xi,X2) G f/((xi))((x2)). // 

f{xi,X2)H{xi, X2) = f{xi, X2)K{xi, X2) (2.9) 

for some ^ f{xi,X2) G C{{xi)){{x2)), then H{xi,X2) — K{xi,X2). 

(d) Let Hi e U{{x)){{xi)){{x2)) and H2 G U {{x)){{x2)){{xi)) . If there exists a 
(nonzero) polynomial f{xi,X2) with f{xi,Xi) ^ such that 

f{xi + X,X2 + x)Hi = f{xi X, X2 + x)H2, 

then Hi = H2- 

Proof. For (a), notice that ^, x^^]] is a Cfxf x^"'^]-module and x^'-x^ for any m,n E 
is invertible in C[xf x^^]. Then for f{xi,X2) G ^[[a;^"^, ^]], m,n E Z,, x"^X2f{xi,X2) — 
if and only if /(xi, X2) = 0. 

Both (b) and (c) follow from the fact that C{{xi)){{x2)) is a field and U{{xi)){{x2)) 
is a vector space over C{{xi)){{x2)). 

For (d), write 

f{Xi + X,X2+ X) = f{x, x) + R{x, Xi,X2), 

where R{x,Xi,X2) E C[x,Xi,X2] with R{x,0,0) = 0. For each nonnegative integer i, we 
view f{x, a;)^*^^ as a formal series (its formal Laurent series expansion at zero) in C{{x)). 
Set 

g{x,xi,X2) = ^{-iyf{x,x)-'-'R{x,xi,X2y E C{{x))[[xuX2]]. (2.10) 
Clearly, f{xi + x,X2 + x)g{x, Xi, X2) = 1. Then it follows from the associativity law. □ 
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Remark 2.3. We recall some fundamental delta-function properties from [FLM], [FHL] 
and [LL]. For any nonzero complex number a, we have 

_^ fxi-ax2\ _i /-ax2 + xi\ _^ f ax2 + Xo\ 
Xq 6 ] -Xo 6{ ] =x^ 6{ . (2.11) 



Xq J \ Xq J \ X\ 

For any g{xQ, x\, X'l) G C((a;o, x\, X2)), we have 

Xq b\ ] g[xQ,xx,X2) = Xq b\ U-Ixq, xq + 0x2, X2), (2.12) 

\ Xq ) \ Xo J 

Xi d\ — j g{xo,Xi,X2) = x^ d\ — j g{xo, ax2 + Xq, X2). (2.13) 

Furthermore, if g{xo, xi,X2) involves only nonnegative powers of xi, using these and ()2.1H] 
we get 

-i^ f-ax2 + xi\ _i.f-ax2 + xi\ \ m ^ a\ 

Xq 5 g{xo, xi, X2) =Xq d [ g{xo, 0LX2 + Xq, X2), (2.14) 

noticing that g{xQ, ax2 + xq, X2) = fi'(xo, xq + ax2, X2). 

The following is a reformulation of Proposition 3.4.2 of [LL] with a slightly different 
proof (cf. pT|. |Li3]): 

Lemma 2.4. Let U he a vector space, let a he a nonzero complex numher and let 

A(xi,X2) G f/((xi))((x2)), (2.15) 
5(xi,X2) G f/((x2))((xi)), (2.16) 
C(Xo,X2) G f/((x2))((xo)). (2.17) 



Then 



_i /xi-ax2\ _i./ax2-xi\ 

Xq A(Xi, X2) - Xr. \ B[Xi,X2) 

V Xo y V -^0 / 

x^'6(^^^±^)c{xo,X2) (2.18) 



Xi 

if and only if there exist nonnegative integers k and I such that 

{xi — ax2)^A{xi,X2) = (xi — ax2)'^-B(xi, X2), (2-19) 
(xq + ax2)'A(xo + ax2,X2) = (xo + ax2)'C(xo, X2). (2.20) 

Proof. In the case a = 1 it was proved in [Li3) . The general case follows from the special 
case after the substitution X2 — * a'^X2. □ 

We shall also use the following result (cf. [DLM], [G-K-K], [K2], [HT], [LL]): 
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Lemma 2.5. Let U be a vector space, let A(xi,X2) E U[[xf^ , xf^]] and let p(x) be a 
nonzero polynomial. Then 

p{xi/x2)A{xi,X2) = (2.21) 

if and only if 

^(x,,.,) = EE {i:^'"' (It)) 

for some Bij{x) G f/[[x, x^"*^]], where ai,...,ar are the nonzero (distinct) roots of p{x) 
with multiplicities ki, . . . ,kr. Furthermore, these Bij{x) in \2. 22) are uniquely determined 
by A{xi,X2). 

Proof. From |Lilj (cf. [LL]) we have 

(xi - xa)" x:[^5 {—\ =0 for m > n > 0. 



dx2 J \Xi 

For any nonzero complex number (3, by changing variable X2 we have 

(xi - I3X2T (^^) ^1^^ " ° for m > n > 0. (2.23) 

Using this we see immediately that (|2.22j) implies (j2.2ip . 

Conversely, assume that ()2.21|) holds. In view of Lemma f2. 21 fd). we may assume that 
p(x) is monic with p(0) 7^ 0. Then 

p{x) = (x - ai)^^ ■ ■ ■ (x - ar)^\ 

For 1 < i < r, set 

Pi{x) = p{x){x - ai)-^' G C[x]. (2.24) 
Since pi(x), . . . , Pr{x) are relatively prime, there are polynomials qi{x), . . . , qr{x) such that 

1 = pi(x)gi(x) H \- pr{x)qr{x). (2.25) 

We have 

A{xi,X2) = Pl(Xi/x2)gi(Xi/x2)v4(xi,X2) H \- Pr{xi/X2)qr{xi/X2)A{XI,X2). (2.26) 

For 1 < i < r, since 

(xi/x2 - ai)''' {Pi{xi/ X2)qi{xi/ X2)A{xi, X2j) = p{xi/x2)qi{xi/x2)A{xi, X2) = 0, 
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from [DLM] (cf. [K2]) we have 

for some Bi j{x) G U[[x, x^^]] (j = 0, . . . , fcj — 1). Now, combining (j2.26j) with (j2.27p . we 
obtain (IT^ . 

For the uniqueness, let us assume ()2.22p . Notice that for s 7^ i, < j < /cj — 1, we 
have 



/ \ Xi 

since is a multiple of (a; — aiY\ Using this (twice) and ()2.25p . for each i we get 

Pi{xi/x2)qi{xi/x2)A{xi, X2) 

= Pr{xi/X2)qi{xi/X2) [j^^ ^^^^ (^)) ^^'^'^^2) 



Then it follows from |Lilj (cf. [LL]) that Bij{x) are uniquely determined. □ 

3 Basic operations on S{W) 

In this section, for a vector space W we introduce a natural action of the multiplicative 
group (of nonzero complex numbers) on S{W), a notion of compatibility for an ordered 
pair in S{W) and certain partial operations on S{W). We then present certain properties 
analogous to the P-bracket and P-derivative properties for vertex algebras.. 
Let be a vector space, fixed throughout this section. Following [LL] we set 

S{W) = Rom{W,W{{x))). (3.1) 

We consider End IV as a subspace of S{W) where each linear operator on W is considered 
as a constant series in x. The identity operator on W, denoted by Iw, is a special element 
of S{W). Clearly, £{W) is closed under the formal derivative operator Set 
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Just as in calculus, for a{x) G S{W), we use a'{x) for the formal derivative of a{x): 

o-'ix) = -^a(x) = Daix). (3.3) 
dx 

For any a G (nonzero complex numbers) and a{x) G £{W), it is clear that a{ax) G 
8{W). For a G C^ we define G End {S{W)) by 

Raa{x) = a{ax) for a{x) G £^(W^) (3.4) 

(cf. [G-K-K]). Alternatively we have 

R^ = a''^. (3.5) 



It is clear that the map R : ^ End {S(W)) sending a to Ra is a representation of 
on S(W). We have 

DR^ = aRaD foraGC\ (3.6) 
We introduce the following notion of compatibility (cf. |Li3j . [B2]): 

Definition 3.1. An ordered pair {a{x),b{x)) in S{W) is said to be compatible if there 
exists a nonzero polynomial f{xi,X2) such that 

/(xi, a;2)a(xi)6(x2) G Hom {W, W{{x,,X2))). (3.7) 

A subset (space) U of i^(H^) is said to be pairwise compatible if every (ordered) pair in U 
is compatible. 



Remark 3.2. Note that this compatibility is more general than the one defined in |Li3j 
where polynomials f{xi,X2) are of the special form [xi — X2)^- 

Lemma 3.3. Let (a(x),6(x)) be a compatible (ordered) pair in £{W) and let f{xi,X2) be 
any nonzero polynomial such that 

f{xuX2)a{xi)b{x2) G Hom {W, W{{xu X2))). (3.8) 

For any nonzero complex number a, the expression 

i^x,xo {f{xo + ax, xy^) x];^5 (^ ^^^ {f{xi, x)a{xi)b{x)) (3.9) 

exists in (EndW)[[x^'^,XQ^,x^'^]] and in fact it lies in iB.om(W,W{{x)){{xo)))) [[xf^]]. 
Furthermore, it is independent of the choice of f{xi,X2) in ^S.^) . 
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Proof. Set 

H{xi,X2) = f{xi,X2)a{xi)h{x2) G Horn (IV, X2))). 
From Remark 12.31 we have 

(ax + xo\ _i [ ax + XQ \ 
Xi (xi, x) = Xi H [ax + Xq, x), 

V xi y V y 

which hes in (Hom(iy,iy((x))[[xo]]))[[xf]]. As ^.,.0 (/(^^o + ax, x)-i) G C((x))((xo)), 
we have 

tx,xo (/(a;o + ax, x)-i) xr'5 /^^±^A ^{ax + xq, x) G (Hom {W, iy((x))((xo)))) [[xf i]]. 



Xi 

Assume that 5'(xi,X2) is another nonzero polynomial such that 
5f(xi,X2)a(xi)6(x2) G Hom(Vr, Vr((xi,X2))). 
Using Lemma [2.21 we have 

i-x.xo (/(xo + ax, x)"^5((xo + ax, x)"^) Xi"^5 -^^^ (/(^i, a;)5((xi, x)a(xi)6(x)) 
= i-x.xo (/(xo + ax, x)"^5((xo + ax, x)"^) x^^(5 -^^^ /(^i, x) {g{xi, x)a(xi)6(x)) 
= '-x.xo (/(xo + ax, x)^^) (5f(xo + ax, x)"^) xf ^5 ^ axj- Xq ^ ^^^^ ^ 

■ {g{xi,x)a{xi)h{x)) 
= Lx,xo (fl'(xo + ax, x)"^) x];^6 ( ^° ) (5'(xi, x)a(xi)6(x)) , 



Xi 

noticing that all the assumptions for associativity are satisfied. Symmetrically, we have 

t^x,xo (/(xo + ax, x)~^5f(xo + ax, x)"^) x^^^^ ^ axj- Xq ^ (/(x^, x)5f(xi, x)a(xi)6(x)) 

= ix,xo (/(xo + ax, x)"^) x5"^5 1^ *^^ + (/(xi, x)a(xi)6(x)) . 

It now follows that the expression in ()3.9p is independent of the choice of /(xi, X2). □ 

Now, we introduce the following partial operations on S{W). 

Definition 3.4. Let (a(x),6(x)) be a compatible (ordered) pair in S{W). For a G 
C^, n G Z, we define a(x)(Q^„)6(x) G (End W)[[x, x~^]] in terms of generating function 

3^,(a(x),xo)6(x) = 5^(a(x)(„,„)6(x))xo"-' G (End VT) [[x±\ x^^]] (3.10) 
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by 

ya{a{x),xo)b{x) 

= Res^^L^^^o (/(xo + ax,xy^) x^^6 (^—^-^^ {f{xi,x)a{xi)b{x)) (3.11) 

= tx,xo {f{xo + ax,xy^) {f{xi,x)a{xi)b{x))\^^=ax+xo, (3-12) 
where f{xi,X2) is any nonzero polynomial such that 

f{xi,X2)a{xi)b{x2) e Rom {W,W {{x I, X2))). 

We particularly set 

y{a{x),Xo)b{x) = yi{a{x),Xo)b{x), (3.13) 
a{x)nb{x) = a(x)(i^„)6(x) for n G Z. (3-14) 

Remark 3.5. In ()3.12j) . we are not allowed to write 

(/(xi, x)a(xi)6(x)) \x^=ax+xo = f{ctx + xo, x)a{ax + xo)b{x), 

since a{ax + Xo)b{x) in general does not exist in (Endiy)[[x^^, x^^]]. On the other hand, 
/(ax + Xo, x)a(xo + ax)6(x) exists. But, 

{f{xi,x)a{xi)b{x))l^^=ax+xo {fixi,x)a{xi)b{x))\^^=^Q+ax 

(= fi^o + x)a(xo + ax)6(x)) , 

unless /(xi, x)a(xi)6(x) involves only nonnegative powers of Xi. 

First, we have: 

Proposition 3.6. Let (a(x),6(x)) be a compatible (ordered) pair in S{W). Then 

a(a;)(a,n)&(a;) G S{W) (= llom{W,W{{x)))) for a e C^ n e Z. (3.15) 
Let /(xi,X2) be any nonzero polynomial such that 

/(xi, X2)a(xi)6(x2) G Horn {W, W{{xi, X2))) (3.16) 
and let k be an integer such that 

Xo^x2,xo {fixo + ax2,X2y^) G C((x2))[[xo]]. 

Then 

(a,n)b{x) = for n > k, (3-17) 
Furthermore, for w G W , let I be a nonnegative integer depending on w such that 

x[f{xi, X2)a{xi)b{x2)w G Vr[[xi, X2]][x^^], 

then 

(xo + ax2ff{xo + ax2,X2)(3^Q(a(x2),xo)6(x2))w 
= (xo + ax2)V(3;o + tt3;2, X2)a(xo + ax2)&(x2)w. (3.18) 
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Proof. For any nonzero polynomial f{xi,X2) satisfying ()3.16p . by Lemma f3. 31 we have 

(/(a;i,x)a(xi)6(x))U,=„,.+,„ G Hom (W^, W^((x))[N]) = {Rom{W,W{{x)m[xo]]. 

With Lx^xo ifi^o + 0^2;, x)^^) G C((x))((a;o)), we have 

ya{a{x),xo)b{x) G (Hom(iy,iy((x))))((a;o)), 

proving ()3.15|) . This also proves ()3.17|) . as 

XQya{a{x),xo)b{x) = XqLx,xo {f{xo + ax,xy^) {f{xi,x)a{xi)b{x))\x^=ax+xo 
G iRom{W,Wi{x))))[[xo]]. 

For w G W, let £ G N (depending on w) such that 

x[f{xi, X2)a{xi)b{x2)w G X2]][X2"^]. 



Then 



{x[f{xi,X2)a{xi)b{x2)w) I 

{x[f{Xi, X2)a{Xi)b{x2)w) \x^=xo+ax 

{xq + axY f{xo + ax, x)a{xo + ax)b{x)w. 



Then 



(a;o + axyf{xo + ax, x) (3^a(a(a;), xo)b{x)) w 

= ReSa;, (xq + axYxV^S / '^•^ j (f(xi,x)a(xi)b(x)w) 

\ J 

= Res xj^x[x^^6 ^ "^"^ + (f{xi,x)a{xi)b{x)w) 

= {x[f{Xi,x)a{Xi)b{x)w) \xi=ax+xo 
= {x[f{Xi,x)a{Xi)b{x)w) \xi=xo+ax 

= {xq + axY f{xo + ax, x)a{xo + ax)b{x)w, (3.19) 

proving ()3.18p . Now, the proof is complete. □ 

The following result says that we can express 3^a(a(x), xo)&(a;) in terms of matrix- 
coefficients and iota-maps: 

Lemma 3.7. Let {a{x),b{x)) be a compatible (ordered) pair in S{W). Then for any 
nonzero complex number a and for any w* G W*, w G W , the formal series 

{w*, a{xo + ax2)b{x2)w) , 

an element 0/ C((xo))((a;2)), lies in the image of Lxo,x2- Furthermore, 

{w*, {ya{a{x),xo)b{x))w) = tx,xot'xo,x{w* , a{xo + ax)b{x)w). (3.20) 
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Proof. It follows from (ITTHIl as in the usual case (cf. [FLM], [FHL], [DL], [LL]). □ 

The following are analogues of the creation property and the vacuum property in the 
definition of the notion of vertex algebra: 

Proposition 3.8. For any a{x) G S(W), the sequences (lw,ci{x)) and {a{x),lw) are 
compatible and for a G we have 

yailw,Xo)a{x) = a{x), (3-21) 

ya{a{x), xo)lw = + xq) = e"'^''°^a{ax) = e"~^^°^i?Q,a(x). (3.22) 

In particular, 

a(x)(Q, = Raa{x), (3.23) 

a(x)_2lvy (= '^(a;)(i -2)lw^) = ^'^(^) ^ Da{x). (3.24) 

Proof. The compatibility assertion is clear. For w* G W* , w G W, using Lemma IHTTI we 
have 

{w* ,{ya{lw,xo)a{x))w) = L^^^oL^l^{w*,lw{xo + ax)a{x)w) 

= {w*,a{x)w), (3.25) 

proving ()3.21|) . Similarly, for w* G W*, w G W, we have 

{w*,{ya{a{x),xo)lw)w) = L^^xoi^~l„^{w*,a{xQ + ax)w) 

= {w*,a{ax + Xo)w), (3.26) 

proving (jS22I)- □ 

We also have the following properties, analogous to the P-properties for vertex algebras 
(cf. [LL]): 

Proposition 3.9. Let {a{x),b{x)) be a compatible (ordered) pair in S{W). Then the 
ordered pairs {a'{x),b{x)), {a{x),b'{x)) and {a{ax),b{Px)) for a, [3 G are compatible. 
Furthermore, for G C^, we have 

y^{Da{x),XQ)b{x) = -^yc,{a{x),XQ)b{x), (3.27) 

OXq 

d 

Dya{a{x),Xo)b{x) - ya{a{x),Xo)Db{x) = a-—ya{a{x), xo)b{x), (3.28) 

dxo 

Ray(3{a{x),Xo)b{x) = ya/3{a{x),Xo)Rab{x), (3.29) 
ya{Ri3a{x), P~^xo)b{x) = yai3{a{x),xo)b{x), (3.30) 

In particular, 

yaia{x) , xo)b{x) = Rayi{a{x),xo)Ra-^b{x) = yi{Raa{x),a^^xo). (3.31) 
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Proof. Let 7^ f{xi,X2) G C[xi,X2] such that 

fixi,X2)a{xi)b{x2) G Rom {W,W {{xi, X2))) ■ 

We immediately have 

f{axi, Px2)a{axi)b{Px2) E llom(W,W{{xi,X2)))- 

We also have 

/(xi,X2)^a(xi)6(x2), f{xi,X2)fxi{xi,X2)a{xi)b{x2) G Hom(iy, W"((xi,X2))). (3.32) 
Then 

d 

/(xi,X2)^a'(xi)6(x2) = — (/(xi,X2)^a'(xi)6(x2)) - 2/(xi, X2)/xi (xi, X2)a(xi)6(x2) 



This proves the compatibility assertions. For simplicity, we locally use for ^ in this 
proof. Let w* G W*, w G W^. Using Lemma f3. 71 we have 



proving ()3.27p . Similarly, we have 

{w*, {Dya{a{x), Xo)b{x))w) 
= dx{w*,{ya{a{x),Xo)b{x))w) 
= dxLx^xgL~l^{w* , a{xo + ax)b{x)w) 
= tx,xo'^xo,x{'^* y C((i'{xo + ax)b{x) + a{xQ + ax)b'{x)w) 
= Lx,xo'^xo,x<^9xo{w* , a{xo + ax)b{x)w) + ix,xo'^xl,x{^* ^ (^{^0 + ax)b\x)w) 
= adxo{w*,{ya{a{x),Xo)b{x))w) + {w*,{ya{a{x),Xo)b'{x))w), (3.35) 

proving (jSSHI)- For l3 G C , let Rp naturally act on f (Vr)[[a;^^]]. We have 



{w*, (i?„3^/3(a(x), Xo)b{x))w) 
= a''^^{w\{yf3{a{x),Xo)b{x))w) 
= a""^ i^x,xoi^xo,x{^* ^ (^i^o + I3x)b{x)w) 
= ^x,xot'xo,x{'w* ^ (^{^0 + a(3x)b{ax)w) 
= ^x,xoi^xo,x{u!*, a{xo + aPx){Rab{x))w) 

= {w*,{yai3{a{x),xo)Rab{x))w). (3.36) 



G Eom{W,W{{xi,X2))). 



(3.33) 



{w*, {yaia{x),Xo)b{x))w) 



'^x,xoi'xo,x{'^* ^ o-'i^o + ax)b{x)w) 
^x.xoi^xlx^xo {w*, a(xo + ax)b{x)w) 
dxo^x,xoLxo,x{'>^* y (^i^o + ax)b{x)w) 
dxoi^*, iya{a{x),Xo)b{x))w), 



(3.34) 
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This proves ()3.29|) . The identity ()3.30p also holds, since 

{w*, (yaiRfsia^x), P~'^Xo)b{x))w) 
= ^x,xoi^^o,x{'^* ^ {Rpa){j3''^XQ + ax)h{x)w) 
= ^x,xoi^xo,x{'^*, 0(2^0 + aPx)b{x))w) 

= {w*,{ya(3{a{x),Xo)b{x))w). (3.37) 

Specializing a,P appropriately we obtain the particular case; specialize /3 = 1 in ()3.29j) 
to get the first equality and substitute with {I, a) in (j3.3()j) to get the outside 

equality. □ 

The following result gives Jacobi-like identities: 

Proposition 3.10. Let a(x),b{x) E £{W). Suppose that there exist 

0^/(xi,X2) gC[xi,X2], K{x2,x,) eRom{W,Wiix2Mx,))) 

such that 

f{xi,X2)a{xi)b{x2) = f{xi,X2)K{x2, xi). (3.38) 
Then {a{x),b{x)) is compatible and for any a G C^, 

Xi^5 (^ ^^^ f{xi,x)ya{a{x),Xo)b{x) 

= Xq^6 ( — — — ) f{xi, x)a{xi)b{x) - Xq'^6 ( — — — ) f{xi, x)K{x, xi). (3.39) 

\ Xq / \ —Xq / 

Proof. Noticing that the expression on the left hand side of (j3.38|) lies in Horn {W, W{{xi)){{x2))) 
and the expression on the right hand side lies in Horn [W, W{{x2)){{xi))), we have 

fixi,X2)a{xi)b{x2) e Hom(iy,PF((xi,X2))), 

proving that {a{x),b{x)) is compatible. Let w E W he arbitrarily fixed. There exists 
/ G N such that 

x[f{xi,X2)a{xi)b{x2)w G Vr[[xi, X2]][X2"^]. 

By Proposition 13.61 we have 

(xo + ax)^ f{xQ + ax, x) (3^Q,(a(x), Xo)&(x)) w 
= (xo + ax)^ f{xQ + ax, x)a(xo + ax)b{x)w. (3.40) 

By Lemma f2.4l with 

A = f{xi,X2)a{xi)b{x2)w, B = f{xi,X2)K{x2,xi)w 
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and 

C = fi^o + x)a{xo + ax)b{x)w 

we have 

x7^6 f '^^ ^° ) /(xo + ax, x) (ya(a(x),Xo)b(x)) w 
\ J 

= Xq^6 ( — — — j /(xi, x)a{xi)b{x)w — Xq^6 ( — '^^ j f(^xi,x)K{x, Xi)w. (3.41) 

\ Xq J \ J 

Since (by (EH) 

_i /ax + Xo\,. , - -I. f ctx + Xo\ . 
Xi d\ — j f{xo + ax,x) = x^ d\ — l/(xi,x), 

we immediately have ()3.39p . □ 

We also have the following result: 
Proposition 3.11. Let a(x),b{x) E £(W) be such that 

p{xi/x2)a{xi)b{x2) = p{xi/x2)K{x2,Xi) (3.42) 

for some nonzero polynomial p{x) and for some K{x2,Xi) G llom{W,W{{x2)){{xi))) . 
Then {a{x),b{x)) is compatible and 

a{xi)b{x2) - K{x2,xi) = ^ ReSxoXi^S | ^^^^Hjt^ j 3^„(a(x2), Xo)&(x2), (3.43) 

which is a finite sum over only nonzero roots a of p{x) . 
Proof. The ordered pair {a{x),b{x)) is compatible because 

xf'^'^''''^p{xi/x2)a{xi)b{x2) = xf^^''''^p{xi/x2)K{x2, Xi) 

with 7^ X2'^^^^'^^p{xi/x2) G C[xi,X2]. If p{x) = x^q{x) where k E N, q{x) G C[x], then 
q{xi/x2)a{xi)b{x2) = q{xi/x2)K{x2,Xi). In view of this, we may assume that p{0) ^ 0. 
Let be the distinct (nonzero) roots of p{x) of multiplicities ki,...,kr. For 

1 < i < r, let Pi{x) be the (unique) polynomial such that 

p{x) = Piix){x - ai)''^ (with pi{ai) ^ 0). (3.44) 

Notice that ()3.39p with /(xi,X2) being replaced by p{xi/x2) holds. For 1 < i < r, 
multiplying by (x2/xo)'^' and then taking Res^g (of ()3.39p ) we get 

Pi{xi/x2){a{xi)b{x2) - K{x2, xi)) 
= ReS:^oPi{xi/x2)x^^6 ^ "^'^^"^ yai(Q(x2),xo)6(x2). (3.45) 
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Since pi{x), . . . ,Pr{x) are relatively prime, there are polynomials qi{x), . . . , qr{x) such that 

1 = qi{x)pi{x) H h qr{x)pr{x). (3.46) 

Using this and ()3.45|) we get 

a{xi)b{x2) — K{x2,xi) 

r 

= '^qiixi/x2)piixi/x2)ia{xi)b{x2) - K{x2,Xi)) 



i=l 



= "^Res ^oqi{xi/x2)pi{xi/ X2)x^^5 / "^^^ + ^" j y^^{a{x2),Xo)b{x2). (3.47) 
i=i V ^1 / 

In view of Proposition 13.61 we have 

x'',^yMx),xo)b{x) e S{W)[[xo]] for z = l,...,r. (3.48) 
For i ^ j, since Pi{aj + Xq/x) G Xq'CIx, x~^, Xq], using ()2.13|) and ()3.48|) we get 

Res ^f^qi{xi/x2)Pi{xi/x2)x^^6 ^ '^j^2^+ ya^{a{x2),xo)b{x2) 

= Res ^^qiiaj + Xo/x2)pi{aj + Xo/x2)x^^ 5 j "^J^^ + 3^0 \ y (a{x2),Xo)b{x2) 



Xi 

= 0. (3.49) 
Using ^TWf and (^O^ we get 

ReSxoqj{xi/x2)pj{xi/x2)x^^6 ^ "^^^"^ 3^q, (0(^2), Xo)6(x2) 
= '^Res^ogi(xi/x2)pi(xi/x2)X];^5 / aja^2_+xo \ 3;^ ^0(3:2), xo)6(x2) 
= ReSx^x^ (^1^1±<\ y^(a{x2),xo)b{x2), (3.50) 



Xi 



so that 



a(xi)6(x2) -ir(x2,xi) = ^Res^.oXi^5 / "^'^^^"^ ^° ) 3^„^(a(x2), Xo)6(x2). (3.51) 

i=i ^ 



Since 3^a(a(x), xo)&(x) G £^(iy)[[xo]] for a 7^ ai, . . . , a^, we immediately have ()3.43|1 . □ 
The following is an important consequence of Proposition 13.111 
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Corollary 3.12. Let a{x),b{x) G S(W). Suppose that there are 7^ p{x) G C[x], fi{x) G 
C((x)) and Ci{x), di{x) G £(W) for i = 1, . . . ,r such that 

r 

p{xi/x2)a{xi)b{x2) = p{xi/x2) ^ fi{xi/x2)ci{x2)di{xi). (3.52) 

i=l 

Then (a(x),6(x)) is compatible and 

r 

a{xx)b{x2) - ^ /i(a;i/x2)ci(x2)rfi(xi) 

i=\ 

= ^ ReSx.oX^^5 f ^^^^^^-^^^ j 3^Q(a(x2),xo)6(x2), (3.53) 

which is a finite sum over only nonzero roots of p{x). In particular, if 

p{xi/x2)a{xi)b{x2) = p{xi/x2)b{x2)a{xi) (3.54) 
for some nonzero polynomial p{x) , then (a(x),6(x)) is compatible and 

— j ya{a{x2),Xo)b{x2), (3.55) 

which is a finite sum over only nonzero roots of p{x). 

In the same spirit we have the following result which will be very useful in determining 
the structure of certain vertex algebras later: 

Proposition 3.13. Let W be a vector space as before and let a{x), b{x) G S{W). Assume 
that there exists K{x2,Xi) G llom{W,W{{x2)){{xi))) such that 

a{xi)b{x2) - K{x2,xi) = y^^y^Cij{x2)\ (aj~^7r- ) ^1^^ | | ^ (3.56) 

i^j^o V 9x2 J \ xi J 

where ai, . . . , are finitely many distinct nonzero complex numbers, ki are nonnegative 
integers and Cij{x) G S{W). Then {a{x),b{x)) is compatible and 

ci{x)(a,n)b{x) = for n > 0, a ai, . . . ,ar, (3.57) 

a{x)(^a„n)b{x) = Ci,„(x) forO<n< ki, (3.58) 

a{x)i^a„n)b{x) =0 forn> ki. (3.59) 

Proof. From ()3.56|) we have 

(xi - 0:1X2)™ ■ ■ ■ (xi - arX2)"^{a{xi)b{x2) - K{x2, xi) = 
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for any nonnegative integer m > maxj/ci + l, . . . , kr + 1}. By Proposition l3.111 b{x)) 
is compatible and 



a{xi)b{x2) — K{x2,xi) 




(3.60) 



Combining ()3.56|) with ()3.60|) . by Lemma f2. 51 we have all the rest assertions. 



□ 



Remark 3.14. Notice that the defined maps (a(x),6(x)) i-^ a{x)(a,n)b{x) are just partial 
operations on S(W). If [/ is a pairwise compatible subspace of S(W) (in the sense that 
every (ordered) pair in U is compatible), then these maps are bilinear maps from U ®U 
to S{W). Furthermore, if U contains Iw and if U is closed under all these bilinear 
operations (a(x),6(x)) ^ a{x)(a,n)b{x) for a G C^, n G Z, we would like to know the 
algebraic structure that {U, {3^a}, Iw) carries. 

4 Algebraic structures on quasi-local subspaces of 



In this section, we investigate the algebraic structures on "quasi local" subspaces of S{W) 
for any given vector space W. We show that for any quasi local subset S of S(W), there 
exists a "closed" quasi local subspace U which contains S and Iw and we furthermore 
show that ([/, 3^1, Ipi/) carries the structure of a vertex algebra. For a general "closed" 
quasi local subspace U we establish a Jacobi-like identity for the adjoint vertex operators 
3^Q,(a(x), Xo) for a G C^. The key and most difficult results are Propositions 14.31 and 14.81 
whose proofs involve rather complicated formal calculus. The main results are summarized 
in Theorem 14.91 

As in Section 3, let be a vector space fixed throughout this section. The following 
notion generalizes the notion of mutual locality ([DL], [Li2], cf. [G-K-K]): 

Definition 4.1. Formal series a{x),b{x) G S(W) are said to be mutually quasi local if 
there exists a nonzero polynomial f{xi,X2) such that 



A subset (subspace) U of S(W) is said to be quasi-local if any a{x),b{x) G U (where 
a{x) and b{x) may be the same) are mutually quasi local. Clearly, any quasi-local subset 
of S{W) (linearly) spans a quasi local subspace and any quasi-local subset of S{W) is 
contained in some maximal quasi local subspace of S{W). 

We also have the following notion (cf. [G-K-K]): 




f{xi,X2)a{xi)b{x2) = f{xi,X2)b{x2)a{xi). 



(4.1) 
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Definition 4.2. Let F be a subgroup of C^. Formal series a{x),b{x) G S{W) are said to 
be mutually T -local if there exists a (nonzero) polynomial 

/(xi,X2) G ((xi — ax2) I « G F) C C[xi,X2] (4.2) 

such that ()4.H) holds. The notion of F-local subset (space) of £(W) is defined in the 
obvious way. 

The following is the first key result: 

Proposition 4.3. Let a{x),b{x),c{x) G S{W). Assume that 

f{xi,X2)a{xi)b{x2) = f{xi,X2)b{x2)a{xi), (4.3) 
g{xi, X2)a{xi)c{x2) = g{xi, X2)c{x2)a{xi), (4.4) 
h{xi, X2)b{xi)c{x2) = h{xi,X2)c{x2)b{xi), (4.5) 

where f{x,y),g{x,y),g{x,y),h{x,y),h{x,y) are nonzero polynomials. Then for any a G 
and for any tt, G Z, there exists A; G N (depending on n) such that 

/(xa, ax)''g{x3, x)a{x3){b{x)(^a,n)c{x)) = /(xg, ax)''g{x3, x){b{x)(^a,n)c{x))a{x3). (4.6) 

Proof. Let G Z be arbitrarily fixed. Let k he a. nonnegative integer depending on n 
such that 

4^^x,xo(/i(«a; + xo,x)-i) G C((x))[[xo]]. (4.7) 

(Recall that Lx,xo{h{ax + xq, x)^^) G C((x))((xo)).) Noticing that f{xz-,xiY is a 

multiple of /(xa, Xi) for < i < A;, from ()4.3|) we have 

^ /(x3,Xi)M a(x3)6(xi) = I (^-\ /(X3,xi)'= I 6(xi)a(x3) for < z < A;.(4.8) 



dxi J I \ \dxi 
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Using KTl . (Oil and (lOll we obtain 

/(x3, ax)''5((x3, x)a(x3) (6(x)(„,„)c(x)) 
= ReSa,.oXo/(x3,ax)^5((a;3,a;)a(x3) (3^„(6(a;), xo)c(x)) 
= ReSxoReSa;iXo/(x3,ax)^5f(x3,x)a(x3)6^,:E„(^("3; + a;o,x)"^; 

( — — -] {h{xi, x)b{xi)c{x)) 



Xi 

Res ^gRes ^^^Xq /(X3, Xi - Xo)''gixs, x)a{xs)Lx,xo {h{ax + Xq, x)"^) 

■x7"'^(5 ( ~^ — -] (h(xi, x)b(xi)c(x)) 

\ ^1 J 

Res2;oReSa;iXo (e'"""^ f{x3,Xi)''^ 5((x3, x)a(x3)i^,^o(/i(ax + Xq, x)~^) 

■x7^6 j '^•^ j (/i^xi, x)6(xi)c(x)) 
V xi y 

''^^ (—1)* ( f 9 \ \ 
Res2;oReSa;, ^ ^, y ydx^J f^^'^^^^fj 9{xz,x)a{x^)Lx,xo{h{ax + xo,x)"^) 



■X]~"'^5 I ) (/i(xi, x)6(xi)c(x)) 



Xi 

fc-1 



= Res^'oRes^., ^ ^^Xo+* 1^1^^^ /(X3, Xi)'' j 5((x3, x)6^,^o(/i(ax + Xq, x) ^) 

■x7^5 j '^•^ j (/i^xi, x)6(xi)c(x))a(x3) 

V ^1 / 

= ReSxoReSa;iXo (^e"'"'s^/(x3, Xi)''j ^(x3, x)t^,^o(/i(ax + Xq, x)"^) 
■xr"'^(5 ( — ^ ) (/i(xi, x)6(xi)c(x))a(x3) 

V xi y 

= Res^.oRes^.,Xo/(x3,Xi - Xo)''^(x3, x)6^.,^„(/;,(ax + Xq, x)"^) 

■Xi^5 \ ~^ — -] (h(xi, x)b(xi)c(x))a(x3) 

\ Xi J 

= Res^.oXo/(x3,ax)^^(x3,x) (3^„(6(x), xo)c(x)) a(x3) 

= /(X3,ax)''^(x3,x) (6(x)(a,n)c(x)) a(x3). (4.9) 

This completes the proof. □ 

Recall R.emark IH.14I that if [/ is a pairwise compatible subspace of S{W), we have 
linear maps for a G from U to B.om{U,S{W){{x))). In view of Propositions IH.fil 
and 13.101 any quasi local subspace U of £(W) is pairwise compatible so that we have 
these linear maps. 
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Definition 4.4. Let F be a subgroup of C^. A pairwise compatible subspace U of S{W) 
is said to be yr-closed if 

(a,n)b{^) ^ U a{x),b{x) eU, a G F, ,n G Z. (4-10) 

In the case F = {1}, we say U is 3^i-closed. 

Using Proposition 14.31 we have (cf. [LL]): 

Corollary 4.5. Let W he any vector space. Every maximal quasi local subspace U of 
S{W) contains Iw o-nd it is yr-closed for any subgroup F of . Furthermore, for any 
quasi local subset S of S(W) and for any subgroup F ofC^, there exists a yr-closed quasi 
local subspace of £(W), which contains S and Iw 

Proof. Clearly, the linear span of U and Iw is quasi local. With U being maximal we 
must have Iw G U. Let a{x),b{x) & U, a E T, n E Z,. By Proposition 14. 3^ for any 
c(x) G U, a{x) (^a,n)b{x) and c(x) are quasi local. In particular, a{x)(a,n)b{x) is quasi local 
with a{x) and b{x). Using Proposition 14.31 again, we see that a{x) (^a,n)b{x) is quasi local 
with itself. Thus U + Ca{x) (^a,n}b{x) is quasi local. Since U is maximal, we must have 
U + Ca{x)(^a,n)b{x) = U, which implies that a{x) (a,n)b{x) G U. This proves that U is 
3^r-closed. 

For any quasi local subset S of S(W), the linear span of S is also quasi local. It 
follows from Zorn's lemma that there exists a maximal quasi local subspace U of S{W), 
which contains S. By the first assertion, U is 3^r-closed and it contains Iw- Thus f/ is a 
^r-closed quasi local subspace which contains S and Iw- □ 

In view of CoroUarv 14.51 for any quasi local subset S of 8{W) and for any subgroup F 
of C^, the smallest ^r-closed quasi local subspace, containing 5* and Iw, of £(W) exists, 
which is the intersection of all 3^r-closed quasi local subspaces containing S and Iw- 

Definition 4.6. Let S be any quasi local subspace of S(W). For any subgroup F of C^, 
we define {S)r to be the smallest ^r-closed quasi local subspace, containing S and Iw, 
oi£{W). 

We also have the following results similar to Corollarv 14.51 

Corollary 4.7. Let F be any subgroup ofC^ . Every maximal T-local subspace U of S{W) 
contains Iw and is yr-closed. For any T-local subset S of S{W), {S)r is T-local and it is 
the smallest yr-closed T-local subspace containing S and Iw of S{W). 

Proof. From the proof of Corollary 14.51 using Proposition 14.31 we immediately see that 
every maximal F-local subspace U of S{W) contains Iw and is 3^r-closed. For any F- local 
subset S of S{W), by Zorn Lemma S is contained in some maximal F-local subspace U, 
which has been proved to be ^r-closed. Then {S)r C U. Consequently, {S)r must be 
F-local. The rest is clear. □ 

The following is the second key result: 
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Proposition 4.8. Let T be a subgroup ofC^ and let U be a yr-closed quasi local subspace 
ofS(W). For any a{x) , b{x) , c{x) G U, let f{xi,X2) be a nonzero polynomial such that 

f{xi, X2)a{xi)b{x2) = f{xi,X2)b{x2)a{xi). (4.11) 

Then for a, P eT, 

{xi - a(3~^X2y[ya{a{x),Xi),yp{b{x),X2)] = 0, (4.12) 

where s is the order of the zero of f{xi, X2) at Xi = a(3~^X2- 

Proof. Let g{x,y), h{x,y) be nonzero polynomials such that 

g{xi,X2)a{xi)c{x2) = g{xi,X2)c{x2)a{xi), 
h{xi,X2)b{xi)c{x2) = h{xi,X2)c{x2)b{xi). 

Let a,P eT and let n E Z be arbitrarily fixed. Since 6(x)(/3,rn.)c(x) = for m sufficiently 
large (by Proposition 13. 6^ . from Proposition 14.31 there exists a nonnegative integer k 
depending on n such that for all m > n, 

f{xi, px)''g{xi, x)a{xi){b{x)^f3^rn)c{x)) = f{xi,pxfg{xi,x){b{x)(^p^rn)c{x))a{xi). (4.13) 

Let w E W he arbitrarily fixed and let / be a nonnegative integer such that x''a{x)w G 
By Proposition 13.61 we have 

/(xi + ax, l3xYg{xi + ax, x){xi + a;x)'3^Q,(a(x), Xi)(6(x)(^^m)c(x))w 
= f{xi + ax, l3xYg{xi + ax,x){xi + ax^a^xi + ax){b{x)(^j3^m)c{x))w (4.14) 

for all m > n. That is, for all i > 0, 

Res X2X2~^^ f{xi + ax, (3x)^g{xi + ax, x){xi + axf (3^a(a(x), xi)3^/3(6(x), X2)c{x)) w 
= Res X2X2~^^ f{xi + ax, (3x)^g{xi + ax, x){xi + ax)'a(xi + ax) {y i3{b{x) , X2)c{x)) w. 

(4.15) 

Since f{xi + ax,X2 + /?x) is a polynomial in xi,X2,x, we immediately have that for all 
J>0, 

Res3;2X2'''"'/(xi + ax, Px)'^g{xi + ax, x){xi + axY f{xi + ax, X2 + Px) 
■ (ya{a{x),xi)y^{b{x),X2)c{x)) w 
= Res X2X2~^'' f (xi + ax, Px)'^g{xi + ax, x){xi + axY f{xi + ax, X2 + Px) 

■a(xi + ax) (3^^(6(x), X2)c(x)) w. (4.16) 

Now, let r be a nonnegative integer such that x^b{x)w G By Proposition 13.61 we 

have 

h{x2 + Px, x){x2 + PxY {y p{b{x) , X2)c{x)) w = h{x2 + Px, x){x2 + Pxyb{x2 + Px)c{x)w. 
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Using this, from ()4.16|) we obtain 

Res 3:2X2 /(xi + ax, (3x)^g{xi + ax, x){xi + ax)^h{x2 + fix, x){x2 + (ixY 
■f{xi + ax, X2 + I3x) {ya{a{x),Xi)yi3{h{x),X2)c{x)) w 
= Res X2X2 f (xi + ax, (3x)^g{xi + ax, x){xi + ax)''h{x2 + I3x, x){x2 + l3xY 

■f{xi + ax, X2 + Px)a{xi + ax)b{x2 + (3x)c{x)w. (4-17) 

Noticing that 

g{xi + ax, x){xi + ax^a^xi + ax)c{x)w G iy((a;))[[xi]], 

we have 

g{xi + ax, x){xi + ax)^ f{xi + ax, X2 + /3x)a(xi + ax)h{x2 + /3a;)c(a;)ti' 
= (^(a;! + ax, x){xi + ax)^ f{xi + ax, X2 + I3x)h{x2 + /?x)a(xi + ax)c(x)w, 

which hes in 14^((x))((xi))[[x2, Xg ^]], a vector space over C((x))((xi)). The expression on 
the left hand side of ()4.17|1 also lies in iy((x))((xi))[[x2, X2 ^]]. In view of Lemma (2.21 we 
can cancel the factor /(xi + ax,(3x)^, to obtain 

Res ^2X2 (?(xi + ax, x) (xi + a;x)'/i(x2 + I3x, x) (x2 + I3xy 
■/(xi + ax, X2 + (3x) {ya{a{x),Xi)yp{h{x),X2)c{x)) w 
= ReSa;2X2fi'(xi + ax, x)(xi + q;x)'/i(x2 + (3x, x)(x2 + (3xY 

'fi^i + 0^3;, X2 + /3x)a(xi + ax)6(x2 + [3x)c{x)w. (4-18) 

Notice that only k here depends on n (all the other components do not depend on n) and 
n is arbitrarily fixed. Then we can drop Res 3,2X3 to get 

g{xi + ax, x)(xi + ax)^h{x2 + fix, x)(x2 + f^xY 
■/(xi + ax, X2 + /3x) (3^Q,(a(x), xi)3^^(6(x), X2)c(x)) w 
= g{xi + ax, x)(xi + ax)'/i(x2 + /?x, x)(x2 + f^xY 

•fi^i + ct^;, X2 + /9x)a(xi + ax)6(x2 + /?x)c(x)w. (4.19) 

Symmetrically, there are nonnegative integers r' such that 

g{xi + ax, x)(xi + ax)' /i(x2 + /9x, x)(x2 + f3xY 
■/(xi + ax, X2 + /9x) (3^^(6(x), X2)3^Q,(a(x), xi)c(x)) w 
= g{xi + ax, x)(xi + ax)^h{x2 + /3x, x)(x2 + fixY 

■/(xi + ax, X2 + /9x)6(x2 + /?x)a(xi + ax)c(x)w. (4.20) 

Since 

/(xi + ax, X2 + /9x)a(xi + ax)6(x2 + /?x) = /(xi + ax, X2 + f3x)h{x2 + /3x)a(xi + ax). 
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combining ()4.19p with ()4.20|) . then setting I" = I + /' and r" = r + r we get 

g{xi + ax, x){xi + axY h{x2 + (3x, x){x2 + (3xy 
■f{xi + ax, X2 + I3x) {ya{a{x),Xi)yi3{b{x),X2)c{x)) w 
= g{xi + ax, x){xi + axY h{x2 + l3x, x){x2 + l3xY 

■f{xi + ax, X2 + (3x) (3^/3(6(x), X2)3^a(a(x), xi)c(a;)) w. (4-21) 

Noting that 

{ya{a{x),x,)yMx),X2)c{x))w e W{{xMx^Mx2)) C W{{xMx,))[[x2,x,']] 
iyp{b{x),X2)yaiaix),xi)cix))weWiixMx2))iix,)) C WiixMx,))[[x2,x^']] 

and that W^((x))((xi))[[x2, a;2""'^]] is a vector space over C((x))((xi)), in view of Lemma 12.21 
we can cancel the factor g{xi + ax, x){xi + axY and similarly we can cancel the factor 
h{x2 + [3x,x){x2 + (3xy . (But we cannot cancel the factor f{xi + ax,X2 + I3x).) Then 
we get 

f{xi + ax, X2 + (3x) {ya{a'{x),xi)yp{h{x),X2)c{x)) w 
= f{xi + ax,X2 + /3x){yf3{b{x),X2)yaia'ix),Xi)c{x))w. (4.22) 

Noticing that / does not depend on we have 

f{xi + ax, X2 + (3x)yaia{x),xi)y(}{b{x),X2)c{x) 
= f{xi + ax,X2 + f3x)yf3{b{x),X2)ya{a{x),xi)c{x). (4.23) 

Write 

/(xi, X2) = {xi - ap~^X2yfo{xi,X2)), 

where s is a nonnegative integer and /o(a;i,a;2) G C[xi,a;2] with fo{c(f3~^X2,X2) 7^ 0. We 
have 

f{xi + ax, X2 + Px) = {xi — aP~'^X2y fo{xi + ax, X2 + Px) 

with fo{<yx, j3x) 7^ 0. In view of Lemma f2. 21 we can cancel the factor fo{xi + ax, X2 + I3x) 
from ()4.23|) . After cancelation we get 

(xi - al3'^X2Yya{a'{x),Xi)yi3{b{x),X2)c{x) 
= {xi-a(3-^X2yyMx).^2)yc.{a{x),xi)c{x). (4.24) 

This completes the proof. □ 

Now we are in a position to present our main and key result: 

Theorem 4.9. Let W he a vector space, V a subgroup of and U a yr-closed quasi 
local subspace of S{W), containing l\y, in the sense that 

0'{x)(^a,n)b{x) G U for a{x),b{x) E U, a G F, ri G Z. (4-25) 
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Then 

ya{lw-,XQ)a{x) = a{x), (4.26) 
3^„(a(x), Xo)lty = e"~'^o^i?„a(x) for a{x) E U, (4.27) 

and the following identity holds for any a{x), h{x) G f/, a, /? G F.- 

Xq^5 — — ya{,a{x),xi)yi}{h{x),X2) 
~Xq^5 x"^^^^ ^ yi3ip{^x),X2)ya{.a{x),Xi) 

= ^r^^( "^ '|^'^''° )y/3(y»/3-i(a(x),xo)&(3:),x2). (4.28) 

In particular, (f/, 3^i, l^y) carries the structure of a vertex algebra. Furthermore, for any 
quasi local subset S of £{W), {{S)r, 3^i, Iw) carries the structure of a vertex algebra, where 
{S)y is the smallest y^-closed quasi local subspace containing S and Iw 

Proof. It is clear that all the assertions follow if the Jacobi-like identity ()4.28|) is proved. 
With Propositions Em and EH and SH it follows from jm] ([LL], cf. [DL], [FHL]) that 
{U, yi, Iw) carries the structure of a vertex algebra. Thus ()4.28p holds for a = /5 = 1. The 
general case follows from this special case and the relation (j3.31|) : For u,v E U, a, /5 G F, 
we have 

yi{RaU, a'^xi)yi{Rpv, P~^X2) 

Xo J 

-So b\ ^ \yx\RiiV,l5 X2)yi{RaU,a Xi) 

= ax-,H y,{y,{R^u,Xo)Rpv,p-'x2). (4.29) 

By rewriting the three delta functions we get 

(axo)"^5 (— — yi{RaU,a~'^xi)yi{Rf3V,P''^X2) 

V Oi^O J 

\ axo J 

= x-,H ( ^^ '^^'^^"''° ) yi{yi{RaU,xo)Rpv,r^X2). (4.30) 
In view of (13.311) . we have 

yi{yi{RaU,Xo)RpV,(3''^X2) = yp{yi3-iaiu,aXo)v,X2). 

Replacing xq a^^Xo we get the desired Jacobi identity □ 
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Similar to the situation for vertex subalgebras generated by subsets (cf. [LL]) we have: 

Proposition 4.10. Let S be a quasi local subset of S{W). Then for any subgroup T of 
, {S)r is linearly spanned by the vectors 

a^^\x)(ai,ni) ■ ■ ■a^''Hx)^ar,nr)'^W (4.31) 

for r > 0, a^'\x) e S, ai e T, Ui G Z. 

Proof. Let J be the subspace of S{W), hnearly spanned by those vectors in ()4.31|1 . It 
follows from the Jacobi-like identity ()4.28|1 and induction that J is 3^r-closed. Clearly, 
J contains S and Iw Thus, {S)r C J. On the other hand, any 3^r-closed quasi local 
subspace containing S and Iw must contain J, so that J C {S)r- This proves {S)r = J, 
completing the proof. □ 

Definition 4.11. Let S" be a quasi local subset of S{W). We set 

(S) = (4.32) 

the smallest 3^i-closed quasi local subspace, containing S and Iw, of S(W). We call {S) 
the vertex algebra generated by S. 

From definition we have {S)r C {S)r' if F C F' are subgroups of C^. Then (S) is a 
vertex subalgebra of (5')r for any subgroup F of and it is the vertex subalgebra of 
{S)r generated by S. 

Lemma 4.12. Let W be a vector space, F a subgroup of and U a T -local subspace of 
S{W). IfU IS also a T-submodule of£{W), then {U) = {U)r. 

Proof With (U) = (f/){i} C {U)r we must prove (f/)r C (U). Recall from (jS^l 
f Proposition 13. 9|) that 

Ro,yi{a{x),xo) = 3^i(i?„a(x),a"Vo)-Ra-i. 

Since U is a F-submodule of S(W), it follows from Proposition 14. 101 fand induction) that 
(U) is a F-submodule of £(W). From ()3.30p (Proposition 13. 9|) we have 

ya{a{x),xo) = yi{Raa{x),a~^xo) 

It follows that {U) is 3^r-closed. Then we have {U)r C (U), completing the proof. □ 

5 Vertex algebras and their quasi modules 

In this section we formulate and study the notion of quasi module for a vertex algebra. 
We strengthen some of the assertions of Theorem 14.91 showing that for any vector space 
W and for any 3^r-closed quasi local subspace U of S{W) containing Iw, is a quasi 



29 



module for the vertex algebra (f/, 3^i, liy)- We also prove certain results analogous to 
those for modules. 

First we study the possibility of a certain natural generalization of the notion of vertex 
algebra. It has been well known that the locality (namely weak commutativity) property 
plays a very important role in the theory of vertex algebras. With the notion of quasi- 
locality, one naturally considers to generalize the notion of vertex algebra by replacing 
the usual locality with quasi locality. The following proposition says that quasi locality 
does not give rise to something more general than vertex algebras. 

Proposition 5.1. Let V be a vector space equipped with a linear map Y from V to 
llom(y,V{{x))), a distinguished vector 1 and a linear operator!) on V such that all the 
following conditions hold: 

V{1) = 0, (5.1) 
r(l,x) = l, (5.2) 
Y{v,x)l G V[[x]] and \imY{v,x)l = v, (5.3) 

[V,Y{v,x)] = ^Y{v,x) (5.4) 

for V & V and such that for u,v ^ V, there exists a nonzero polynomial f{xi,X2) such 
that 

f{xi, X2)Y{u, Xi)Y{v, X2) = f{xi,X2)Y{v, X2)Y{u, xi). (5.5) 
Then {V,Y,1) is an (ordinary) vertex algebra. 

Proof. First, ()5.4j) together with the Taylor theorem immediately gives the following con- 
jugation formula 

e^^r (w, Xo)e-^^ = Y{v, Xq + x) for v e V. (5.6) 

Applying this to 1, using (j5.H) and (j5.3j) (by setting xq = 0) we get 

Y{v, x)l = e'^'^v for v e V. 

Let u,v,w &V and let f{xi,X2) be a nonzero polynomial such that (|5.5|) holds. We have 

Y{Y{u,Xi)Y{v,X2)w,x)l = e''^Y{u,Xi)Y{v,X2)w 

= Y{u,xi+x)Y{v,X2 + x)e''^w, (5.7) 
Y{Y{v,X2)Y{u,xi)w,x)l = Y{v,X2 + x)Y{u,xi + x)e'''^w. (5.8) 

Using these relations and ()5.5p we get 

/(xi + x,X2 + x)Y{Y{u, Xi)Y{v, X2)w, x)l 
= f{xi+x,X2 + x)Y{Y{v,X2)Y{u,Xi)w,x)l. (5.9) 
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Factor /(xi, X2) as 

f{xi,X2) = (Xi - X2)''fo{xi,X2), 

where k>0, fo{xi,X2) G C[a;i,X2] with /o(a;i,a;i) 7^ 0. Then we have 

{xi - X2Yfo{xi +x,X2 + x)Y{Y{u, xi)Y{v, X2)w, x)l 
= {xi — X2)''foixi + x,X2 + x)Y(Y{v,X2)Y{u,xi)w,x)l. (5.10) 

Notice that 

Y{Y{u,xi)Y{v,X2)w,x)l G V[[x]]{{xiMx2)), 
YiYiv,X2)Y{u,x,)w,x)l e F[[x]]((x2))((a;i)). 

In view of Lemma 12.21 from (|5.1(J|) we get 

ix,-X2fYiYiu,Xi)Yi V, X2)w, x)l = {x^~X2fY{Y{v,X2)Y{ u,Xi)w,x)l. (5.11) 

In view of ()5.3p . setting x = we obtain 

(xi — X2)''Y{u, Xi)Y{v, X2)w = (xi — X2)''Y{v, X2)Y{u, Xi)w. (5.12) 

This proves that the usual locality (weak commutativity) holds. Then it follows from 
[TiTI ([LL], cf. [DL], [FHL]) that V is a vertex algebra. □ 

Even though the notion of quasi locality does not lead to a generalization of the 
notion of vertex algebra, it does lead to a new notion of what we call quasi module for an 
(ordinary) vertex algebra. 

Definition 5.2. Let be a vertex algebra. A quasi V-module is a vector space W 
equipped with a linear map Yw from V to Hom {W, W{{x))) such that 

lV(l,x) = W (5.13) 
and such that for any u^v & V, there exists a nonzero polynomial /(xi,X2) such that 

1^ IXi X2 \ f(^^r^^^^^^^Yw{u,Xi)Yw{v,X2) 

\ J 

-Xq^6 ( — — — ] /(Xi, X2)lV(f , X2)1V(m, Xi) 

= X2^6 ( — — — ) f{xi,X2)Yw{Y{u, Xo)v, X2). (5.14) 

\ X2 J 

For convenience we refer the identity (j5.14p as the quasi Jacobi identity for {u,v). 
Lemma 5.3. Let (W, Yw) be a quasi module for a vertex algebra V. Then 

YwiVv, x) = -^Ywiv, x) for v e V. (5.15) 
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Proof. It is similar to the proof for usual modules (cf. [LL]). Let v & V. There exists 
7^ /(xi, X2) G C[xi, X2] such that the quasi Jacobi identity for (f , 1) holds. Taking ReSa^-i 
and using Yw{l, x) = Iw, we get 

f{x2 + Xq, X2)Yw(Y{v, Xo)1, X2) 
= Resa;i (^Xq^S (^-^-^—^^ f{xi,X2)Yw{v,xi) - Xq^S (^-3^^ /(Xi, X2)lV(f , Xi 

= Res^^x^^S (^^^^^^^ f{xi,X2)Yw{v,Xi) 

= f{x2 + Xo,X2)Yw{v,X2 + Xo). (5.16) 

Noticing that both Y\y(Y{v, Xq)!, X2) and lV(f , X2 + Xo) involve only nonnegative powers 
of Xq, we can apply the cancelation law (Lemma l2.2p . to get 

Yw(Y{v, Xo)l, X2) = Yw{v, X2 + Xq) = e^°s^lV(f , X2). 

From this we immediately have ()5.15p . □ 
With the notion of quasi module we have the following important result: 

Theorem 5.4. Let W be any vector space, let T be a subgroup of and let U be a yr- 

closed quasi local subspace of £{W), containing Iw- Then {W,Yw) carries the structure 
of a quasi module for the vertex algebra {U, 3^i, Iw) obtained in Theorem \4-(A where 

Yw{a{x),XQ) = a(xo) for a{x) G U. (5-17) 

Furthermore, for any quasi local subset S of S{W), {W,Yw) carries the structure of a 
quasi module for the vertex algebra {S)r- 

Proof. Clearly, we only need to prove the first assertion. For a{x),b{x) G U, let f{xi,X2) 
be a nonzero polynomial such that 

/(xi,X2)a(xi)6(x2) = f{xi,X2)b{x2)a{xi). (5.18) 

We have 

f{xi,X2)Yw{a{x),Xi)Yw{b{x),X2) = f{xi, X2)a{xi)b{x2) 

= f{xi,X2)b{x2)a{xi) 

= f{xi,X2)Yw{b{x),X2)Yw{a{x),xi). (5.19) 

From ()5.18|1 we have that f{xi,X2)a{xi)b{x2) G B.om(W,W{{xi,X2))). Let w E W and 
let / be a nonnegative integer such that x'a(x)w G Vr[[x]], so that 

x[f{xi, X2)a{xi)b{x2)w G Vr[[xi, X2]][X2"^]. 
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With 



Ywia{x),xo + X2)Ywib{x),X2)w = a{xo + X2)b{x2)w, 



\X=X2'> 



Yw{yi{a{x),xo)b{x),X2)w = {yi{a{x) , xo)b{x)) w\ 
from Proposition 13.61 we have 

(Xo + X2f f{xQ + X2, X2)Yw{a{x),XQ + X2)Yw{b{x),X2)w 

= {xo + X2yf{xo + X2,X2)Yw(yi{a{x),Xo)b{x),X2)w. (5.20) 

In view of Lemma 12. 4| the required quasi Jacobi identity for {u, v) holds. By definition 
Yw{1w,xq) = Iw- This proves that W is a. quasi module. □ 

The following result says that for a vertex algebra V, the notion of quasi V^-module is 
canonically equivalent to a notion of "quasi representation" : 

Theorem 5.5. Let V be a vertex algebra and let W be a vector space equipped with a 
linear map Yw from V to £{W). Then {W, Yw) carries the structure of a quasi V -module 
if and only if {Yw{v^x) \ v G V^} is a yi-closed quasi local subspace containing Iw of 
S{W) and Y^ is a vertex algebra homomorphism. 

Proof. Assume that {W, Yw) is a quasi \^-module. Set 

U = {Yw{v,x) \ v eV} CS{W). 

For any u,v eV, there exists 7^ f{xi,X2) G C[xi,X2] such that 

1^ ( ^ — ^ ) f[xi, X2)Yw{u, Xi)Yw{v, X2) 

-Xq^6 ( — — — ] f{xi, X2)Yw{v, X2)Yw{u, Xi) 



^2 ( ^° ) f{xi,X2)Yw{Y{u, xo)v, X2), (5.21) 



which implies 



{xi-X2)''f{xi,X2)[Yw{u,xi),Yw{v,X2)] = (5.22) 

for some nonnegative integer k with x^Y{u,x)v G V^[[x]]. This shows that ?7 is a quasi 
local subspace of £(W). Furthermore, with (j5.22|) . using Proposition 13. lUI we get 

Xi^5 (~^^^~~^) /(^i'^2)(a:i - X2)''yi{Yw{u,X2),Xo)Yw{v,X2) 

= X^^6 ( — — ) /(Xi,X2)(Xi - X2)''Yw{u,Xi)Yw{v,X2) 

~Xq^6 ( — — — ] f{xi,X2){xi - X2)''Yw{v, X2)Yw{u, Xi) 

= a:^^s (^^^) f{x,,X2){x,-X2)'Yw{Y{u,xo)v,X2). (5.23) 



Xi 
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Taking Res^i we get 

f{x2 + Xo, X2)Xo3^i(1V(m, X2),Xo)Yw{v, X2) = f{x2 + Xq, X2)XqYw{Y{u, Xo)v, X2). (5.24) 

Since both yi(Yw{u,X2),xo)Yw{v,X2) and Yw{Y{u, xo)v,X2) involve only finitely many 
negative powers of xq, using the cancelation law f Lemma l2.2|) we get 

yi{Yw{u, X2),xo)Yw{v, X2) = Yw{Y{u, xo)v, X2). (5.25) 

This implies that U is 3^i-closed. The space U contains Iw since lV(l,x) = Iw- From 
()5.25|) . (f/, 3^1, Ivy) is a vertex algebra and the linear map Y]y is a vertex algebra homo- 
morphism. 

Conversely, assume that Y[y is a (vertex algebra) homomorphism from to a 3^i-closed 
quasi local subspace containing 1]^ of S{W). We have Yw{l,x) = Iw For u,v E V, let 
7^ f{xi,X2) G C[xi,X2] such that 

f{Xi, X2)Yw{u, Xi)Ywiv, X2) = f{Xi,X2)Yw{v,X2)Ywiu,Xi). 

By Proposition 13. lOl we have 

Xq^6 ( — — — ] f{xi, X2)Yw{u, xi)Yw{v, X2) 



Xo 




^X2 


— a 




-Xq 


Xi — 


Xo 


X2 




Xi — 


Xo 



-Xo^6 f{xi, X2)Yw{v, X2)Yw{u, Xi) 

V -^0 J 

X2^5 ( — — — ) /(Xi, X2)Yi{Yw{u, X2), Xo)lV(f , X2) 



= X2^5 ] f{xi,X2)Yw{Y{u,Xo)v,X2). (5.26) 

\ X2 J 

Thus {W, Y\y) is a quasi ^-module. □ 

The following is an analogue of Theorem 5.7.6 of [LL]: 

Theorem 5.6. Let V he a vertex algebra with a generating subspace U and let W be a 
vector space equipped with a linear map Y^r from U to Hom (VF, iy((x))). Then Y^^ can 
be extended to a linear map Yw from V to Hom (M/, M/((x))) such that {W,Yw) carries 
the structure of a quasi V -module if and only if U = {Y^{u,x) \ u E U} is a quasi local 
subspace of S{W) and there exists a linear map ip from V to (U) such that 

V^(l) = Iw, (5.27) 
^{Y{u,xo)v) = y,{Y^{u,x),xoMv) (5.28) 

for u E U, V E V. Furthermore, such an extension is unique. 
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Proof. If Yw is an extension of Y^^ such that (W, Yw) carries the structure of a quasi 
F-module, then by Theorem 15.51 {Yw{v,x) \ v E V} is a 3^i-closed quasi local subspace 
of S(W) and Yw is a vertex algebra homomorphism. Since V is generated by U, YwiV) 
is generated by U, i.e., Yw{V) = (U). Taking ip = Yw "f^e have (PT^TIl and (IH^ . 

On the other hand, assume that f7 is a quasi local subspace of S{W) and ip is a linear 
map from V to {U) satisfying (|5.27p and (|5.28p . Since V and (U) are vertex algebras and 
U generates V, by Proposition 5.7.9 of [LL] is a vertex algebra homomorphism. In view 
of Theorem 15. 51 {W, Yw) carries the structure of a quasi l^-module with Yw{v, x) = ipx{v) 
for V E V. For u E U, using ()5.27|) and ()5.28|) we have 

Yw{u, x) = iJcc{u) = iJa:{u-il) = Y^{u, x)-ilw = Y^{u, x). (5.29) 

Thus Yw extends Y^. 

Since U generates V, any linear map from ?7 to a vertex algebra V extends to at most 
one vertex algebra homomorphism from V to V. Then the uniqueness follows. □ 

The following is an analogue of a result in |Lilj (cf. [LL], Theorem 3.6.3): 

Proposition 5.7. Let V be a vertex algebra and let W be a vector space equipped with a 
linear map Yw from V to }lom{W,W{{x))) such that 1^(1,0;) = Iw and for u,v E V 
there exists a nonzero polynomial f{xi,X2) such that for w E W 

f{xo + X2,X2){xo + X2)'1V(m,Xo + X2)Ywiv, X2)w 
= f{Xo + X2,X2){Xo + X2yYw{Y{u,Xo)v,X2)w (5.30) 

for some nonnegative integer I. Then {W, Yw) carries the structure of a quasi V -module. 
Proof. First we prove that 

YwiV{u),x) = ^Yw{u, x) for u E V. (5.31) 

ax 

Let u E V, w E W. Then there exist a nonzero polynomial f{xi,X2) and a nonnegative 
integer / such that 

f{Xo + X2, X2){Xo + X2yYw{u, Xo + X2)Ywil, X2)W 
= fi^o + X2,X2){xo + X2)''YwiY{u,Xo)l,X2)w. 

With Yw{l,x) = Iw we have 

/(Xo + X2,X2){xo + X2)'lV(-U, Xo + X2)w = f {xq + X2,X2){xo + X2)''YwiY {u, Xq)!, X2)w . 

We may replace / with a bigger integer if necessary so that x''Yw{u,x)w E W[[x]]. Then 

(Xo + X2)'lV(-U, Xo + X2)w = (Xo + X2)'1V(m, X2 + Xo)w. 
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We thus have 

f{Xo + X2,X2){Xo + X2)'lV(-U, X2 + Xo)w = /(xq + X2,X2){Xo + X2)'1V(^(m, Xq)!, X2)w. 

In view of the cancelation law (Lemma \2.2\i we have 

Ywiu, X2 + xq)w = YwiY{u, Xo)l, X2)w, 

which implies -^Ywiu, x)w = Yw{T>(u), x)w. This proves ()5.31|) . 
Let u,v & V. Using the skew symmetry of V and ()5.31|) we have 

YwiY{u, xo)v, X2) = Ywie'"^^Y{v, -xq)u, X2) = lV(F(f , -xo)u, X2 + xq). (5.32) 

Let w G W. There exist nonzero polynomials f{xi,X2) and g{xi,X2) depending only on 
u,v and nonnegative integers such that 

(Xo + X2)'/(xo + X2, X2)Ywiu, Xq + X2)lV(f , X2)w 
= {xo + X2yf{xo + X2,X2)Yw{Y{u,Xo)v,X2)w, (5.33) 
{-Xq + XiY'g^Xi, -Xq + Xi)Yw{v, -Xq + Xi)Yw{u, Xi)w 

= {-xo + xiy'g{xi,-xo + xi)Yw{Y{v,-xo)u,xi)w. (5.34) 

Replacing / with a larger one if necessary so that x''Yw{u,x)w G Vr[[x]]. Using ()5.34p we 
see that the expression 

x[{-xo + xiYg^xi, -Xq + xi)Yw{Y{v, -xo)u, xi)w 

lies in iy[[xo, xi]][xq In view of the delta function substitution rule ()2.14|) we have 

= Xq^S i j ^(X2 + XQff{x2 + Xo, X2)X2'5'(X1, X2)Yw{Y{v, -Xo)u, X2 + xo)iuj ■ 



Xl=X2+Xo 



(5.35) 



36 



Using ()5.33|) . ()5.34|) . ()5.32|) and ()5.35|) in a sequence we get 

Xq^6 ( — — — ] x[f{xi, X2)x2g{xi, X2)Yw{u, xi)Yw{v, X2)w 

'Xo 

Xq 

'Xo 

Xo 



-Xq^6 x[f{Xi,X2)X2g{Xi,X2)Yw{v,X2)Yw{u,Xi)w 

\ -Xo J 

1^ / Xi X2 \ x^^g(^Xi,X2){Xo+X2yf{Xo + X2, X2)Yw{u, Xo + X2)Yw{v,X2)w 

\ J 

-Xq^6 ( — — — ] x[f{xi,X2){-xo + xiY'gixi, -xq + xi)Yw{v, -xo + xi)Yw{u,xi)w 



Xo^6 ^^ j {x2gixi,X2)ixo + X2)^f{xo + X2,X2)YwiY{u,Xo)v,X2)'U?j 

x[f{xi,X2){-xo + xiYg^xi, -Xo + xi)Yw{Y{v, -xo)u,xi)w^ 



-Xo 



-Xq^6 ^-3^^ (x[f{xi, X2) {xo + X2y'g{xi, -Xo + xi)Yw{Y{v, -xo)u, xi)n?j 



-Xo^6 {^^^^—^"j (^X2giXi,X2){Xo + X2y f{Xo + X2,X2)Yw{Y{v, -Xo)u,X2 + xo)w 

x^^6 ( ^° ] x[f {xi, X2)x2g{xi, X2)Yw{Y {u, xo)v, X2)w. (5.36) 



Multiplying by xf'xg' we obtain the quasi Jacobi identity for This completes the 

proof. □ 

The following result is an analogue of a theorem of [LL] (see also [R]): 

Theorem 5.8. Let W he a vector space and let U he a suhspace of £{W) in which every 
pair is compatihle. Assume that U is yi-closed and it contains Iw Then {U, 3^i, Iw) is a 
vertex algehra if and only if U is quasi local. 

Proof. In view of Theorem 14. 91 we only need to prove that if (U, J^i, Iw) is a vertex algebra 
then U is quasi local. For a(x), b{x) G U, let /(xi, X2) be a nonzero polynomial such that 

/(xi,X2)a(xi)6(x2) e Hom(PF, PF((xi,X2))). 

For w G W, let / be a nonnegative integer such that 

x[f{xi,X2)a{xi)b{x2)w G iy[[xi, X2]][x^^]. 
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By Proposition 13.61 we have 

= f{Xo + X2,X2){Xo + X2ya{Xo + X2)b{x2)'W. (5.37) 

In view of Proposition lKTj W is a quasi [/-module with Yw{a{x), xq) = a{xo) for a{x) G U. 
It follows from the quasi Jacobi identity that any a{x),b{x) in U are quasi local. This 
proves that U is quasi local. □ 

An important problem could be the classification and construction of irreducible quasi 
modules for a vertex algebra. In the following we present certain results in this direction. 

Lemma 5.9. Let V be a vertex algebra and {W, Y]^) a quasi V -module. Let a,b,c & V 
and let 

7^ f{xi, X2),g{xi, X2), h{xi,X2) G C[xi, X2] 

such that 

f{xi,X2)[Ywia,xi),Ywib,X2)] = 0, (5.38) 
g{xi, X2)[Yw{a, Xi),Yw{c, X2)] =0, (5.39) 
h{xi,X2)[Yw{b,xi),Yw{c,X2)] =0. (5.40) 

Then for any n E "Z, there exists a nonnegative integer k such that 

f{xi, X2)^gixi, X2)[Ywia, xi),YwibnC, X2)] = 0. (5.41) 

Proof. In view of Theorem 15. 5t for any u,v E V, Y]y{u,x) and Y\y{v,x) are quasi local 
and 

YwiUjnV,x) = Ywiu,x)jnYwiv,x) foi 771 E Z. (5-42) 

From Proposition 14.31 there exists a nonnegative integer k such that 

f{xi,X2)''g{xi, X2) [Yw{a, xi), 1V(6, X2)„lV(c, X2)] = 0. (5.43) 
Thus we obtain 

f{xi,X2)''g{xi,X2)[Yw{a,xi),Yw{bnC,X2)] = 0, (5.44) 

completing the proof. □ 

From Proposition 15.91 and induction we immediately have: 

Proposition 5.10. Let V be a vertex algebra and {W,Yw) a quasi V -module. Let U be 
a generating subspace of V and let 7^ f{xi,X2) G C[xi,a;2] such that for any u,u' E U 
there exists a nonnegative integer k such that 

fixuX2)'[Ywiu,Xi),Ywiu\x2)]=0. (5.45) 

Then for any v, v' G V, there exists a nonnegative integer r such that 

/(xi, X2y[Ywiv, xi), Ywiv', X2)] = 0. (5.46) 
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As immediate consequences we have: 

Corollary 5.11. Let W be any vector space and let U be a quasi local subspace of 8{W). 
Assume that f{xi,X2) is a nonzero polynomial such that for any a{x),b{x) G U there 
exists a nonnegative integer k such that 

f{x,,X2f[a{x^),b{x,)] = 0. (5.47) 

Let V = {U) be the vertex algebra generated by U. Then for any a{x),P{x) G V, there 
exists a nonnegative integer r such that 

/(xi,X2)'-[a(xi),/?(x2)] = 0. (5.48) 

Corollary 5.12. Let V be a finitely generated vertex algebra and let {W, IV) be any quasi 
V -module. Then there exists a nonzero polynomial f{xi, X2) such that for any u,v E V, 

f{xi,X2Y[Yw{u,xi),Yw{v,X2)] = (5.49) 

for some nonnegative integer r. 

In view of Corollarv 15. 121 we would like to associate a "minimal" polynomial f{xi,X2) 
to a quasi module W for a vertex algebra V. Since C[a:i,a;2] is not a principal domain, 
we have a technical problem uniquely to define such a term. Now we consider a special 
case. Assume that there exists a nonzero homogeneous polynomial f{xi,X2) such that 
the assertion of Corollarv 15. 121 holds. Notice that a nonzero polynomial g{xi, X2) is homo- 
geneous if and only if g{xi,X2) = x\p{xi/x2) for some nonzero polynomial p{x) of degree 
k. 

Definition 5.13. Let V he a. vertex algebra and W a quasi V-module satisfying that 
there exists a nonzero polynomial p{x) such that for any m, f G V^, 

p{xi/x2y\Yw{u,Xi),Yw{v,X2)] = (5.50) 

for some nonnegative integer r. The monic polynomial p{x) of the least degree is called 
the minimal polynomial of W. 

6 F-vertex algebras and (quasi) modules 

Motivated by Theorem 14.91 and by the notion of F-conformal algebra in [G-K-K] , in this 
section we formulate and study a notion of F-vertex algebra, where F is an arbitrary group. 
We show that a F-vertex algebra amounts to an (ordinary) vertex algebra equipped with 
a compatible F-module structure in a certain sense. We also formulate a notion of quasi 
module for a F-vertex algebra. In terms of these notions, we strengthen Theorem 14. 9t 
showing that for any vector space W, any subgroup F of and for any 3^^-closed quasi 
local subspace U of £(W) containing Iw, iU, {3^a}, W) carries the structure of a F-vertex 
algebra with W as a. quasi module. 
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Let r be any (possibly nonabelian and infinite) group. We shall use 1 for the identity 
element of F. Let 

0:r-*C^ (6.1) 

be a group homomorphism. We fix the pair (F, (p) throughout this section. 

An important example for such a pair (F, (p) is the one with F a subgroup of and 
with the identity map. As a convention, whenever F is given as a subgroup of we 
always assume that is the identity map. 

With the group homomorphism 0, any C-vector space W naturally becomes a F- 
module by defining 

aw = (j){a)w for a G F, w G W. (6.2) 
In particular, for formal variable x, with C[[x, C-vector space we have 

ax = (f){a)x for a G F. (6.3) 

We have 

aPx = Pax fora,/9GF, (6.4) 

since 0(a/3) = (I){a)(j){j3) = (j){j3)(f){a) = 0(/3a). Due to our convention, whenever F C C^, 
the new F-action through agrees with the old F-action by scalar multiplication. 
The following notion naturally arises from Theorem 14.91 

Definition 6.1. A T-vertex algebra is a vector space V equipped with linear maps 

Y^:V ^ Hom(V, V((x))) C (Endr)[[x,a;-^]] 

V (— > Ya{v,x) (6.5) 

for a G F and equipped with a distinguished vector 1, called the vacuum vector, such that 
all the following axioms hold: For a G F, v E V, 



y,(l,x) = l, (6.6) 
and for u,v,wEV, a, /3 G F 



FQ,(f , x)l = \^[[a;]] and lim yi(t>, x)l = f (6.7) 

X— >0 



Xq Ya{u,Xi)Yp{v,X2)W 



Xo 



-Xq^6 ( ^ "^'^ ) Yp{v,X2)Ya{u,Xi)w 



Xo 

Xi 



Xi ( '^^^ ^° ) Yf3{Yf3~ia{u, Xo)v, X2)w. (6.8) 
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The F-vertex algebra V is also often denoted by (V, {Yq},1). For convenience, we 
refer ()6.8|) as the T-Jacobi identity for the triple {u,v,w). 

Remark 6.2. It is clear that the notion of F-vertex algebra with F = {1} reduces to the 
notion of ordinary vertex algebra. 

Similar to the notion of quasi module for a vertex algebra, we have the following notion 
of quasi module for a F-vertex algebra: 

Definition 6.3. Let V be a F-vertex algebra. A quasi V -module is a vector space W 
equipped with linear maps 

-V Hom {W, W{{x))) (6.9) 
for a G F such that the following conditions hold: 

Y^{l,x) = lw foraGF (6.10) 
and for M,f G V", there exists a nonzero polynomial /(xi,X2) such that 

-Xq^6 ^ " ) fixuX2)Y^{v,X2)Y^{u,Xi) 
= + 3^0 ^ ^^^^^ X2)Y^ {Yp-i^{u, Xo)v, X2) (6.11) 

for a,P eT. a quasi V^-module W is called a module if 1)6.111) holds with /(xi,X2) = 1 
for any m, f G V, a, /5 G F. 

Notice that if an (ordinary) vertex algebra V is viewed as a F-vertex algebra with 
F = {1}, the notion of quasi module for V as a F-vertex algebra exactly gives the notion 
of quasi module for as a vertex algebra. 

In terms of these notions we have: 

Theorem 6.4. Let W he a vector space, F a subgroup of and V a y^-closed quasi 
local subspace of £(W) containing Iw Then ([/, {3^^}, l^y) carries the structure of a F- 
vertex algebra with W a quasi module with Y^{a{x),XQ) = a(xo) for a{x) & V, a G F. 
Furthermore, for any quasi local subset S of S{W), {S)r is a T-vertex algebra with W as 
a quasi module. 

Proof. Theorem 14.91 exactlv states that (V, {3^a}, Iw) carries the structure of a F-vertex 
algebra. Let a{x),b{x) G V. There exists a nonzero polynomial f{xi,X2) such that 

f{xi,X2)a{xi)b{x2) = f{xi,X2)b{x2)a{xi). (6.12) 
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This implies that f {xi, X2)a{xi)b{x2) G Horn (IV, X2))). Let w E W and let / be a 

nonnegative integer such that x'a(x)w G 14^ [[x]], so that 

x[f{xi,X2)a{xi)b{x2)w G X2]][X2"^]. 

For G C^, we have 

f{xi,X2)Y^{a{x),Xi)Y^{b{x),X2) = f{xi, X2)a{xi)b{x2) 

= fixi,X2)b{x2)a{xi) 

= f{x,,X2)Y^ibix),X2)Y^iaix),x,). (6.13) 

With 

Y^{a{x),xo + P~^ax2)Yp{b{x),X2)w = a{xo + /3~^ax2)b{x2)w, 
Y^{yf3-ia{a{x),xo)b{x),X2)w = (yp~ia{a{x),xo)b{x))w\x=x2, 

from Proposition 13.61 we also have 

(xo + l3~^ax2yf{xo + l3~^ax2, X2)Y^ {a{x) , Xq + /?~-^ax2)Ya(6(x), ^2)^ 
= {xo + (3~^ax2ff{xQ + (3~'^ax2, X2)Y^ {yp-i^{a{x), xo)b{x), X2)w. (6.14) 

In view of Lemma the required Jacobi-like identity holds. By definition y^(lvi/, xq) = 
Iw This proves that W is a quasi module. □ 

For the rest of this section we shall study the structures of F- vertex algebras and their 
(quasi) modules in terms of ordinary vertex algebras and modules. 

Lemma 6.5. Let (V, {Ya}, 1) be a V -vertex algebra. For a G F, define Ra G Endc^ by 
Ra{v) = Res xX~^Ya{v,x)l = Urn Ya{v,x)l forvEV. (6.15) 

Define V G EndcV^ by 

Vv = ReSxX~'^Yi{v,x)l forveV. (6.16) 

Then 

Y^{Vv,x) = -^Y^{v,x), (6.17) 
ax 

[V,Y^{v,x)] = a—Y^{v,x), (6.18) 

RaY(3{v,x) =Y^f3{v,x)Ra for a, p E T , V E V. (6.19) 

Proof. Taking Res^^^ of the F-Jacobi identity for the triple {u,v, 1) with (3 = 1 and using 
the property that Ya{u, xi)l E V[[xi]] we get 

Yi{Ya{u,Xo)v,X2)l = Ya{u,Xo + aX2)Yi{v,X2)l 

= e"'''^Y^{u,Xo)Yi{v,X2)l. (6.20) 
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Then 

d 

VYa{u, Xo)v = a—Ya{u, xo)v + Ya{u, xo)Vv, (6.21) 

which shows that ['D,Ya{v, x)] = a-^Ya{v, x) for v eV. 

Taking Res^;^ of the F-Jacobi identity for the triple (m, l,f) with a = /?, using 
Yq,(1,x) = 1 we have 

Yo,{Yi{u, Xo)l, X2)v = Yo,{u, X2 + Xo)v = e'°^Yo,{u, X2)v. (6.22) 

This gives Yo,(Vu,x) = ^Ya{v,x). 

Similarly, from the F-Jacobi identity for the triple {u,v, 1) we have 

yf3{Y(s-ia{u, Xo)v, X2)l = Ya{u, Xq + aX2)Yi3{v , X2)l. (6.23) 

Setting X2 = we get 

-R/3^/3-ia(M, Xo)v = Ya{u, Xo)RpV, (6.24) 

proving ()6.19p . □ 

In [G-K-K], F-conformal algebras are classified as Lie algebras equipped with an ac- 
tion of F by automorphisms of the Lie algebras. In the same spirit, the following theorem 
classifies F-vertex algebras in terms of (ordinary) vertex algebras equipped with a "com- 
patible" F-action: 

Theorem 6.6. Let {V, {Y^}, 1) be a T-vertex algebra and let G AutcV" for a eT be 
defined as in Lemma \6. 5\ Then (V", Yi, 1) is a vertex algebra and the map a G F — G 
EndcV^ is a representation ofV on V with Ra{l) = 1 for a G F. Furthermore, 

Ya{v,x) = RaYi{v, x)Ra-i = Yi{RaV, a~^x) for a eT, v eV. (6.25) 

On the other hand, let V be an (ordinary) vertex algebra. Assume that V is a T -module 
with a G F acting as R^ E Aut^V" such that Ra{^) = 1 and 

RaY{v, x)R-^ = Y{R,,{v), a-^x) foraET, v E V. (6.26) 

For a G F, define Y^ E (EndV^)[[x, a;^^]] by 

Y^{v, x) = RaY{v, x)R-^ = Y{R^{v), a^^x) for v E V. (6.27) 

Then {V, {Y^}, 1) is a T-vertex algebra. 

Proof. Let (V", {Yq,}, 1) be a F-vertex algebra. Clearly, {V,Yi,l) is an (ordinary) vertex 
algebra. Using the vacuum property (|6.6|) . the creation property (j6.7|) and the definition 
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of Ra we immediately have that -Rq-(I) = 1 for a G F and Ri = ly. Taking ReSxj of the 
F-Jacobi identity for the triple (m, 1, 1), we get 

Ya{u, Xo + P~^aX2)Yi3{l, X2)l = Yf^{YfS-ia{u, Xo)l, X2)l. 

With Yg(l,x) = 1, setting xq = X2 = we obtain 

Ra{u) = RpRp-.M- (6.28) 

Thus, the map a i— > is a representation of F on V . 

Taking Res^;^ of the F-Jacobi identity for the triple (m, l,f) with = 1 we have 

Yl{Ya{u,Xo)l,X2)v = Ya{u,ax2 + Xo)v. 

Setting Xo = 0, we get 

Yi{Ra{u),X2)v = Ya{u,ax2)v, 

which gives 

Ya{u, x) = Yi{R^{u), a-^x) for ueV. (6.29) 

From Lemma IFTHl we also have RaYi{v,x) = Ya{v,x)Ra for a G F, f G V. 

On the other hand, let be a vertex algebra equipped with a F-module structure with 
a acting as Ra G Aut cV {a G F) with the given properties. For a G F, t> G V^, we have 

y;(l, x) = Y{Ral, a~^x) = r (1, a-^x) = 1, (6.30) 
Ya{v,x)l = Y{RaV,a-^x)l = e°"'^^i?„t' G V[[x]], (6.31) 
Yi{v, x)l = e'^^RiV = e^'^v. (6.32) 

For M, f G V, a, /5 G F, we have 

x^H Y{RaU,a~^Xi)Y{Rpv, 13-^X2) 

-Xo^S |^Z^_^^l±ii^^ Y{Rpv, (3-^X2)Y{RaU,a-'xi) 

= ax7'5 ((^-^^^)Y(Y(RaU,xo)R3V,f3-^X2). (6.33) 
\ a^^xi J 

By rewriting the three delta functions we get 

iaxQ)~^5 \ — — ^ ) YiRaU,a^^Xi)YiRnv,[3'^X2) 

) YiRaV, (3~^X2)YiRa_U,a~^Xi) 

axo J 

= x^H ( ^^ ^^2 + «a:o ^ Y{Y{R^u, xo)Rpv, P~'x2). (6.34) 
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In view of fl6.26|) . we have 

Y(Y{RaU, Xo)Rf3V, P~'^X2) = Yp{Yfs-ia{u, axo)v, Xi). 

Replacing xq a~^XQ we get the desired F-Jacobi identity, proving that {V, {Ya} , 1) is a 
F-vertex algebra. □ 

Remark 6.7. In view of Theorem 16.61 one can define F-vertex algebras simply as (ordi- 
nary) vertex algebras equipped with a compatible F-module structure (cf. (j6.26j) ). 

In Theorem 16. 6| if the group homomorphism from F to is trivial, then the second 
part of ()6.25j) and ()6.26|1 exactly amounts to that Ra is an automorphism of vertex algebra 
V. In view of this, we immediately have: 

Corollary 6.8. Let F be any group equipped with the trivial group homomorphism from 
F to C^. Then a T-vertex algebra exactly amounts to a vertex algebra equipped with an 
action ofV by automorphisms of vertex algebra V. 

Definition 6.9. A F-vertex algebra V equipped with a Z-grading V = U^ez ^(n) called 
a Z-graded T-vertex algebra if 1 G V(o) and if for any u G V(m)5 a G F, m,n,r E Z, 

U(a,n)V(r) C V(^.r+m-n-l) , (6.35) 

where Ya{u,x) = Zl„ez 

The following result states that Z-graded F-vertex algebras can be characterized in 
terms of Z-graded vertex algebras equipped with an action of F by grading-preserving 
automorphisms: 

Proposition 6.10. Let V = Unez H") Z-graded vertex algebra in the sense that V 
is a vertex algebra equipped with a Z-grading V = Unez ^(n) ^^^h that 

1 G 1^(0), (6.36) 

UraV{n) G V(ri+k-m-l) /or U G V(fc) , fc, m, n G Z. (6.37) 

Denote by L(0) the degree operator, i.e., L{Q)v = nv for v G V(„) with n G Z. Let tt be a 
representation ofV on V by grading-preserving automorphisms of V as a vertex algebra. 
For a G F, v E V , set 

Ya{v, x) = Yia'^^^^aV, a-^x) G Hom {V, V{{x))). (6.38) 

Then (V, {Y^}, 1) is a Z-graded T-vertex algebra. On the other hand, let (V, {Y^}, 1) be a 
Z-graded T-vertex algebra with the degree operator denoted by L{0). For a G F, set 

Rl = a^(^^R^ G Aut cV^. (6.39) 

Then i?° is a grading-preserving automorphism of V as a vertex algebra and R° is a 
representation on V. 
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Proof. With (j07|l . from [FHL], for 2 G C^, v eV, we have 

= zx), (6.40) 

so that 

(t;, x)7r-^«^(°) = a-^(°V(7r„t;, = (6.41) 

With 1 G V(o), we have a'^^^^Hal = 1 for a G F. Notice that tTq for a G F being 
grading-preserving amounts to a^^^^f^ = iTfsa^^^^ for G F, so that a 1-^ a~^^^\a is 
a representation of F on V. It follows immediately from the second part of Theorem 16.61 
that (V, {Ya}, 1) is a F-vertex algebra. Clearly, it is a Z-graded F-vertex algebra. 

On the other hand, let (V, {Ya}, 1) be a Z-graded F-vertex algebra with V = U^g^ V(„). 
For a G F, v E V, we have 

i?°Fi(t;,x)(i?°)-i = a^(°)i?«Fi(t;,x)i?-^«-^(°) = ri(«^(°)i?„, x) = Fi(i?>, x),(6.42) 
i?^(l)=«^W/?,(l) = l, (6.43) 

using the assumption 1 G V(o). Thus, for each a G F, _R° is an automorphism of vertex 
algebra V. Furthermore, since is a Z-graded F-vertex algebra, for v G V(m), a G F, we 
have 

recalling ()6.15|l for the definition of Ra- Thus Rq preserves the Z-grading of V. Conse- 
quently, Ra commutes with z^^^^ for any z E . Now, it follows that R° is a represen- 
tation of F on □ 

As an immediate consequence we have: 

Corollary 6.11. Let {V,Y,l,u}) be a vertex operator algebra and let n be a group homo- 
morphism from F to Aut (the automorphism group ofV as a vertex operator algebra). 
Then (V, {Ya}, 1) is a T-vertex algebra, where 

Yaiv, x) = Y{a-^^^'^7iaiv), a'^x) foraeV, V E V. (6.44) 

The following is an analogue of a well known result in vertex algebra theory (cf. [LL]): 

Proposition 6.12. Let V be a vector space equipped with linear maps Ya from V to 
Hom {V, V{{x))) for a G F, a distinguished vector 1 E V, a linear operator T> on V such 
that VI = and a representation R of T on V such that Ral = 1 for a G F and such 
that 

Ya{l,x) = l, (6.45) 
Ya{v,x)l E V[[x]] and limy„(f,x)l = RaV, (6.46) 

[V, Yaiv, x)] = c^^Yaiv, x), (6.47) 
RaYfs{v,x) = Ya(3{v,x)Ra (6.48) 
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and for -u, f G V, a, /? G F there is a nonnegative integer k such that 

(xi - ap-^X2)''[Y^iu,Xi),Yfsiv,X2)] = 0. (6.49) 
Then V is a T -vertex algebra. 

Proof. First, from [Li2], [LL] (cf. [DL], [FHL]) is a vertex algebra. With the 

assumption ()6.48|) . we have Ya{v,x) = RaYi{v,x)Ra-i. From ()6.46|) and ()6.47p we have 

x)l = e""'^'^i?„M, (6.50) 
e'^'^Yaiu, xo)e~''^ = Ya{u, xq + ax). (6.51) 

Let u,v E V and let k he a. nonnegative integer such that ()6.49|) holds and such that 
x^Yp{v,x)RaU G V^[[x]], so that 

(xi — a/3^"^)^Ya(f , X2 — a~^(3xi)u = {xi — a(3^^)^Yi3{v, —a^^(3xi + X2)u. 

Then we have 

(xi - a(3~^X2)^Ya{u, xi)Ya(t;, ^2)! 
= (xi - al3~^X2)''Yi3{y, X2)Ya{u, Xi)l 
= (xi - a(3-^X2)%{v, X2)e"~'^'^^i?„M 
= e"~''''^(xi - a(3'^X2)''Yi3{v, X2 - a~^(3xi)RaU 
= e""'^i^(xi - a(3-^X2)%{v, -a'^^Xi + X2)RaU. (6.52) 

Setting X2 = we get 

x\Ya{u,xi)Rpv = Xie"~'^i^Ys(t;, -a'^Pxi)RaU, 

which immediately gives the following skew symmetry 

Ya{u, xi)Rf3V = e""'^^^y/3(t;, -a-^/3xi)i?«u. (6.53) 

Taking (3 = 1 and then using skew symmetry for {V, Yi, 1) we get 

Ya{u,xi)v = e"~^'^^^Fi(f , -a~-^Xi)i?aM = Yi^R^u, a~^Xi)v. (6.54) 

Now it follows from the second assertion of Theorem 16.61 that {V, {Ya}, 1) is a F-vertex 
algebra. □ 

From the proofs of Theorem 16.61 and Proposition 16. lOl we immediately have: 

Proposition 6.13. Let {V, {Ya}, 1) be a T-vertex algebra and let {W, {Y^}) be a quasi 
module for (V, {Ya}, 1). Then (W, Y^) is a quasi module for the vertex algebra (V, Yi, 1) 
and the following relation holds for a G F, v E V, w E W : 

Y^{w, x) = Y^{RaV, a-^x). (6.55) 



47 



On the other hand, let {W,Yw) he a quasi module for the vertex algebra (V", Yi,l). For 
a G r, V & V , set 

Y^{v, x) = YwiRaV, a-^x). (6.56) 
Then {W, {Y^}) is a quasi module for the V -vertex algebra (V, {Ya}, 1). 

Proof. For the first part, the first assertion is clear and the second assertion ()6.55j) follows 
from the same proof of ()6.29|) . The assertion of the second part follows from the second 
part of the proof of Theorem 16.61 □ 



7 Examples of quasi modules for vertex algebras 

In this section we give three families of examples of quasi modules for vertex algebras; the 
first involves twisted affine Lie algebras 0[cr] with respect to an automorphism a of g of 
finite order, the second involves certain quantum Heisenberg Lie algebras and the third 
involves certain Lie algebras on quantum torus as in [BGT]. 

First, following [LL] we recall the N-graded vertex algebras associated with affine Lie 
algebras. In fact, all the three families of examples are related to such vertex algebras. 
Let g be a (possibly infinite-dimensional) Lie algebra equipped with a nondegenerate 
symmetric invariant bilinear form (-, ■). To the pair (g, (-, ■)) we associate the untwisted 
affine Lie algebra., with the underlying vector space 

g = g®C[t,ri] ©Ck, (7.1) 

equipped with the bracket relations 

[a ®t"',b^ r] = [a, b] ® t™+" + m(a, 6) W«,ok (7.2) 

for a, 6 G g, m,n E 7^, together with the condition that k is a nonzero central element of 
g. For n G Z, set 

0(0) = g © Ck, g(„) = g © t-" for n^O. (7.3) 
Then g = U^ez 0(n) becomes a Z-graded Lie algebra. Set 

S(±) = n0(±n)=S®t^'C[t^i], (7.4) 

n>l 

which are graded Lie subalgebras of g. 
For a G g, form the generating function 

a{x) = ^(a©r)x-"-i Gg[[x,x-^]]. (7.5) 
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For a G 0, n G Z, we use a(n) for the operator on a g-module, corresponding to a ® t^- 
For a g-module and for a G g, we set 

aw{x) = ^a(n)x-"-^ G (End x'^]]. (7.6) 

A g-module W on which k acts as a scalar £ G C is said to be of level i. A g-module 
W is said to be restricted if for any a G g and G W, a{n)w = for n sufficiently large. 
Then a g-module 1^ is a restricted module if and only if aw{x) G S(W) for a G g. 

For any complex number i, let be the one-dimensional module for the Lie subalgebra 
g ® C[t] © Ck with g ® C[t] acting trivially and with k acting as the scalar i. Then form 
the induced g-module 

V;{£, 0) = U (g) ®t/(g^cM®ck) Q, (7.7) 

which is a restricted g-module of level i with 1 1 as a generator. Set 

1 = 1®1 G Vg(£,0). (7.8) 

The induced g-module V^{i,0) is naturally an N-graded module with degC^ = 0. In view 
of the Poincare-Birkhoff-Witt theorem we have 

V6(£,0) = t/(g(+)) (7.9) 

as an N-graded vector space. Identify g as a subspace of Vg{£,0) through the linear map 
a a(— 1)1. 

The following results are well known (see [FZ], [Lia], cf. |Lilj . [LL] for the first assertion 
and see |Lilj . [LL], cf. [FZ] for the second assertion): 

Theorem 7.1. There exists a unique vertex algebra structure on Vg(£, 0) with 1 as vacuum 
vector and with Y{a,x) = a{x) for a G g. The vertex algebra V^{£,0) equipped with 
the grading is an N-graded vertex algebra with Vg(£, 0)(o) = CI and with Vg(^, 0)(i) = g 
generates V^li, 0) as a vertex algebra. Furthermore, on any restricted g-module W of 
level i there exists a unique Vg{i,0) -module structure with Yw{a,x) = aw{x) for a G g = 
V^0(^,O)(i). 

Our first family of examples is about constructing quasi modules for Vg(£, 0) using 
restricted modules of level i for a twisted affine Lie algebra. 

Let a be an automorphism of g of (finite) order T, which preserves the bilinear form 
{.,.). Set 

-T = exp(H^V (7.10) 



T 

the principal Tth root of unity, and set 

rT = {^Tk = o,...,T-i}, (7.11 
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the group of Tth roots of unity. For r G Z, set 

0,. = {a G g I cr{a) = uj^a}. (7.12) 

Then 

Qr = ds iir = s (mod T), (7.13) 
= So©0i©---©St-i- (7.14) 

Remark 7.2. It is easy to see that a gives rise to an automorphism, also denoted by a, 
of the N-graded vertex algebra Vg{i, 0). 

Associated to the triple (g, (•, •), a) we have a twisted affine Lie algebra (see [Kl]) 

T-1 

r = Il0i®i'C[t^,r^] ©Ck, (7.15) 

i=0 

which is a Lie subalgebra of the untwisted affine algebra q. We also have the following 
variant of the twisted affine Lie algebra (cf. [FLM]) 

T-1 

QW] = Y[&i(»t^c[t,r^]®Ck, (7.16) 

i=0 

where the bracket is given by ()7.2|) with 171,11 & ^Z. The notions of module of level £ and 
restricted module are defined in the obvious way. 

Remark 7.3. It is well known (and easy to see) that the linear map defined by 

a®rh-*a®t^, Tk^k (7.17) 

is a Lie algebra isomorphism from q'^ to Q[a]. Consequently, a (restricted) g°'-module of 
level i/T exactly amounts to a (restricted) 0[o"]-module of level i. 

For a G 0, set 

a{xY = ^(T*(a) ®a;"i5 I j = ^^cu^^" (a*(a) ® t") a;-"-^ G q[[x,x-^]]. (7.18) 

i=0 V ^ / i=0 

If a G 0s with s G Z, i.e., a{a) = uj^a, we have 

a{xy = T ^(a ® t^+"^)a;-^-"^-\ (7.19) 

Let a G 0.r, b E Qs with r,s E Z. Since (a, 6) = if r + s ^ TZ, we have 

(a, 6)5^+5^0 = 
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where r = r + TZ G TLjTTL. Then 
[a(xl)^6(x2)1 

m,n€Z 

= T2 ^ ([a, 6] ® + (r + mT) (a, fe)5,+,+^T+nT,ok) xl 

m,ngZ 



(r+mT)-l ~(s+nT)-l 

3jO 



mGZ 



where we are using the fact 

T\ / \T T~l / X . . r T-1 



X2 
Xi 



(7.20) 



From this we have 



l[{xi-uirX2y [a{xir,b{x2y] = 0. 



,1=0 



That is, 

(xf - x'^Y[a{xiy, b{x2y] = 0. (7.22) 

Let IV be a restricted 0°"-module of level i/T, or equivalently, a restricted 0[cr]-module 
of level £. For a E Q, a{xY acts on W giving rise to an element of S{W), which we denote 
by aw{xy, Set 

Sw = {aw{xy \aeg}c S{W). (7.23) 
From ()7.22|1 . Sw is a F^-local subspace. For a G Fy, we have 

R^awixy = T ^(a ® f +"^)(ax)-^-"^-i = a^"-VvF(a;)". (7.24) 

Then Sw is also stale under the action of F^. By Theorems 14.91 and 15.41 Sw generates a 
vertex algebra Vw = {Sw)rT with W as a quasi module. By Lemma 14.121 Vw as a vertex 
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algebra is generated by Sw- In view of fl7.20|) and Prop osit ion 13 . 1 31 we have 



aw{x)Qbw{xy = [a,b]w{xy, 
aw{x)ibwixy = i{a, b)lw, 
aw{x)lbw{xy = for n > 2. 



(7.25) 
(7.26) 
(7.27) 



It follows (cf. [LL], Remark 6.2.17) that Vw is a g-module of level i with a{xi) acting as 
yi{aw{xy ,xi) for a e 0. Since Sw generates Vw as a vertex algebra, Vw is a g-module 
generated by Ivi/- It follows that there exists a g-module homomorphism ip from Vg{i,0) 
onto Vw, extending the canonical map from g to Sw- With g as a generating subspace of 
Vg{i,0), by Theorem 15.61 ?/^ is a vertex algebra homomorphism and W is naturally a quasi 
module for Vg{i, 0). Summarizing these we have: 

Proposition 7.4. Let i be any complex number and let W be any restricted Q[a]-module 
of level i, or equivalently, a restricted q'^ -module of level i/T. Then there exists a unique 
quasi module structure Yw on W for Vg{£, 0) such that Yw{a, x) = awixY for a G g, with 
p{x) = x^ — 1 as the minimal polynomial. 

Remark 7.5. It was proved in |Li2j that giving a restricted g[cr]-module structure of level 
£ on a vector space W is canonically equivalent to giving cr-twisted module structure on W 
for the vertex algebra Vq{£, 0). In view of this and Proposition 17.4^ one naturally expects 
that for a general vertex operator algebra V, there should exist a canonical connection 
between twisted \^-modules and quasi l^-modules. Indeed, such a connection exists and 
it will be given in a sequel. 

Remark 7.6. Let be a restricted g-module of level i. With g*^ as a subalgebra by 
definition, W is naturally a restricted g'^-module of level i. Then W is naturally a quasi 
module for V^{£T,0). 

Now let us play a slightly different game. Fix a positive integer k. For a G g, r G Z, 

set 




(7.28) 



Clearly, if r = s (mod k) we have 

E{a, r, x) = E{a, s, x). 
For a, 6 G g, r, s G Z, using ()7.2|) we have 
[E{a,r,xi),E{b,s,X2)] 



(7.29) 




e J2 {[a,b](^t^+'+^"^+^^'^ + {r + mk){a,b)kSr+mk+s+nk,o) 



—r—mk—l —s—nk—l 
1 X2 



^(E{[a,b],r + s, X2)ujf. "x^ ^6 




i=0 




+ (a, b)Sf+sflk'kui^ 



—ri 



dX2 



d 



x7'6 
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Let W be any restricted g-module of level i. Then E{a,r,x) G S(W) for a G g, r G Z. 
Set 

Ew = span{E{a,r,x) | a G g, r G Z} C S{W). (7.31) 

With ()7.30|) . we see that E^ is a r^-local subspace of i^(W^). For a G Fjt, we have 

RaE{a,r, x) = E{a,r,ax) = a~'^'~^ E(a,r, x) for r G Z, a G g. (7.32) 

Then E^r is closed under the action of r^. By Theorems 14.91 and 15.41 E^y generates a 
vertex algebra Vw = {Ew)rk with as a quasi module. By Lemma l4.12| Vw as a vertex 
algebra is generated by Ew- Combining ()7.3()j) with Proposition 13. 131 we have 

E{a, r, x)o-E'(&, s, x) = E{[a, b],r + s,x), (7.33) 
E{a, r, x)iE{h, s, x) = 6f+s,ok{a, b)£, (7.34) 
E{a,r,x)nE{b,s,x) = for n > 2. (7.35) 

We next relate Vw to a vertex algebra associated with an affine Lie algebra. Notice 
that C[Z//cZ] is a commutative associative algebra with a symmetric invariant bilinear 
form defined by {e^, e'^) = Sf^s,o for r,s ^ Z. Then g ® C[Z/fcZ] is naturally a Lie algebra 
which is equipped with the symmetric invariant bilinear form defined by 

{a e**, 6 ® e'') = 6f+s,o{0'j b) for r, s G Z, a, 6 G g. (7.36) 
Associated with the pair (g[Z/A;Z], (-, ■)) we have the following untwisted affine Lie algebra 
gfi/A^] = (g ® C[Z/A;Z]) ® C[t, r^] © Ck. (7.37) 
Using the same arguments for Proposition 17.41 we immediately have: 

Proposition 7.7. Let W be an (irreducible) restricted Q-module of level i and k a positive 
integer. For r G Z, a G g, set 

E{a, r,x) = J2 + nk)x-'-''''-^ G S{W). (7.38) 

There exists a unique (irreducible) quasi module structure on W for the vertex algebra 
^Iz/fcz]^^^' ^^^^ Yw{a ® e^, x) = E{a, r, x) for a G g, r G Z, with x^ — 1 as the minimal 
polynomial. 

Remark 7.8. Since C[Z/A;Z] = C®'^ as a commutative associative algebra, we have that 
g[Z//cZ] = g®^. (One can find an explicit isomorphism.) Using the bilinear form one 
can see that V^-^^jj^^{ki,0) = V^(£, 0)®^. In view of the first example, quasi modules for 

Vg{i, 0)®'^ with minimal polynomial x'' — 1 are closely related twisted modules. Then 
Vg(£, 0)-modules are closely related to twisted modules for Vg{£, 0)'^^. This agrees with a 
general conceptual result obtained in [BDM]. 
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Next, we present our second family of examples, which involves certain "quantum" 
Heisenberg Lie algebras. Let {) be a vector space equipped with a nondegenerate symmetric 
bilinear form (•, •) and let q be any nonzero complex number. Consider the following Lie 
algebra 

= f)®C[t,ri] ©Cc (7.39) 

with the following commutation relation: 

[c,$,] = 0, (7.40) 
[a ® r, 6 (2) r] = m{a, b)5m+n,oiQ" + (7.41) 

for a,6 G f), m,n E Ij. As with affine Lie algebras, for a G f), m G Z, we use a{m) to 
represent the corresponding operator of a ® on any [)q-module. The notions of level 
and restricted module are defined in the obvious ways. 
For a & i), form the generating function 



a{x) = ^a(m)a;-"^-^ (7.42) 

In terms of the generating functions we have 

[a{x^),b{x2)] = (a,6)^ (^^^ + (^)) c. (7.43) 
Consequently, 

{xi - qx2f{xi - q-^X2f[a{xi), h{x2)] = 0. (7.44) 

For a E i), m G Z, set 

a{m,x) = q'''a{q"'x) G ^q[[x,x-% (7.45) 
For a, 6 G I), 171,71 E Z, we have 

[a(m,xi),6(n,X2)] = g^^+^Kg^'xi), 6(g"x2)] 

Set 

r(g) = {g"* I m G Z} c C\ (7.47) 

Let W be any restricted f)g-module of level i E C For a G f), m G Z, a(m, x) acting on 
W gives rise to an element of S{W), which we denote by awim, x). Set 

Uw = span{aw{m,x) \ a e i), m e Z} <Z S{W). (7.48) 
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From ()7.46|) we see that Uw is a r(g)-local subspace of S(W). Furthermore, for a G 
g, m,n & Z, we have 

Rq^aw{m, x) = awijn, q^x) = q"^aw{q"^^^x) = q~'^aw{jn + n,x). (7.49) 

Thus Uw is closed under the action of '^(q)- In view of Theorems 14.91 and 15.41 and Lemma 
14.121 Uw generates a vertex algebra Vw with 14^ as a quasi module. 
Assume that q is not a root of unity, so that 

g™" 7^ whenever m ^ n. (7.50) 

In view of (j7.46|) and Proposition Xi.Vii the following relations hold for a, 6 G f), m, n G Z: 

aw{m, x)ibwin, x) = {a, b)£{Sm,n+i + 5m,n-i)l (7.51) 
aw{fn,x)rbw{n,x) = for r > 0, r 7^ 1. (7-52) 

On the other hand, consider the space f)[Z] = f) (g) C[Z] equipped with the symmetric 
bilinear form (-, ■) defined by 

(a (g) e™, 6 (g) e") = (a, b){5m,n+i + Sn,m+i) for a, 6 G {), m, n G Z. (7.53) 

Then consider the affine Lie algebra f)[Z] associated with the pair (f)[Z], (■, ■)), where f)[Z] 
is viewed as an abelian Lie algebra. Let {£, 0) be the vertex algebra associated with the 

affine Lie algebra f)[Z] of level i. This is an N-graded vertex algebra with V^-^{i, 0)(o) = CI 
and V^-^{i, 0)(i) = ()[Z] as its generating subspace. Using the same arguments as we used 
for Proposition 17.41 we immediately have: 

Proposition 7.9. Let i) be a vector space equipped with a symmetric bilinear form (-, 
let q be a nonzero complex number which is not a root of unity and let f)g be the quantum 
Lie algebra defined in \7.39^ - \7.41\) - Let f)[Z] be the abelian Lie algebra equipped with 
the symmetric bilinear form defined in \7.5^ and ()[Z] be the corresponding affine Lie 
algebra. Then for any restricted ^q-module W of level I, there exists a unique quasi 
Vj^j(£, 0)-module structure on W with Yw{a (g e™, x) = aw{fn, x) for a G 0, m G Z. 

Remark 7.10. If g is a root of unity, one can appropriately modify the current analysis 
to work out the corresponding results. 

Finally, we present our third family of examples. This family involves certain Lie 
algebras of quantum torus which have been studied in [BGT] and [G-K-L]. First, following 
[BGT] we present the Lie algebras. 

Let g be a nonzero complex number. Consider the following twisted group algebra of 

Z2 

Cq[tr,tf]=C[tr,tf] (7.54) 
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as a vector space, where 

tito = qtoti. (7.55) 

For m, n,r,s E Z, we have 

mmtl) ^ q-H^^H'l+\ (7.56) 

Let A be an associative algebra equipped with a nondegenerate symmetric invariant bi- 
hnear form (•, •) in the sense that 

{ab, c) — {a, be) for a,b,c E A. (7-57) 

Consider the tensor product associative algebra 

A,[4\tf] = A®C,[4\tf]. (7.58) 

Naturally, Ag[t^^,tf^] is a Lie algebra with the commutator map as the Lie bracket, which 
is denoted by [•, -lioop- For a,b E A, m, n,r,s & Z, we have 

[a ® t^fl, b ® fotl]ioop = q'^'iab ® t'^^H'l^') - g™^(6a ® t™+'-t'^+^). (7.59) 
We have the following two-dimensional central extension of the Lie algebra Aqlt^^^tf^]: 

M4\if^] = ^J^o ^ ^] © Cco © Cci = A (g) Cq[t^\ tf^] © Cco © Cci, (7.60) 
where Cq, Ci are central and 

[a ® C^i , b ® tS^l] = [a © Ct^, b © + (a, 6)g'^^5^+,,o5n+s,o(mco + nci). (7.61) 

Thus 

[a^t^fl^b^Votl] 

= g"'-(a6 © C^'-^^^) - q^\ba © C+'^i^^) + (a, 6)g"^5„+,,o5„+,,o(mco + nci$7.62) 
For a & A, n e Z, set 

X(a,n,x) = J](a©Oi)^~"'~' e *f ^"']]- (7-63) 

meZ 
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[X{a,n,Xi),X{b,s,X2)] 
= J] [a (8) t^i^, b ® tlt{]x^"'-^x^'-^ 



- {ba ® t^'+''t^+')x^"'-''-^x]:'^-\q'x2r 

J — X(6a, n + s, X2)x']^^ 

+ {a,b)5n+s,o-Q^x^^S i M co + (a, 6)(5„+3,o«' (cia;2 ^) a;]"^ 

Furthermore, for a e A, m, n e Z, we set 

X(a, m, n, x) = q^X{a, m, q^x). 
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Then 



[X{a, n, m, xi), X(6, s, r, X2)] 
q'^+'[X{a,n,q^x,),X{b,s,q'x2)] 



-q^'+'Xiba, n + s, q''x2)q-'^xlH 



+q'^+'^{a,b)6n+s,oCiq-'x^' ■ q~"'x^^5 



Set 



q'^Xi 

q'-^X{ab, n + s, g-'^+'^X2)xr'5 f^^l " ^'^l^^' ^ + g^X2)xr'5 f 

+ {a,b}6n+s,oCo^—x^ b — + {a,b)dn+sfl [cix^ ) b \ — 

0x2 \ q"'Xi J V Q Xi 

- , , N _i e g''~"x2\ \ -1 c- / q^^^X2 

X{ab, n + s,r -n, X2)x^ b I ^^^^ 1 - X{ba, n + s,r, X2)x^ b I — — 

j + (a, 6)5„+,,oCo^xr'5 (^^^^ J • (7-66) 



ci(x) = cix ^. (7.67) 



For convenience let us just use Ag for the Lie algebra Aq[tQ^ ,tf^]. An Ag-module on 
which Co acts as a scalar £ G C is said to be of level i. An Ag-module W is said to be 
restricted if for any a & A, n G Z and for any w G IV, X{a,n,x)w G iy((a;)). That is, 
X{a,n,x) acting on W is an element of S{W). Denote by Xwidjnjx) the corresponding 
element of S(W) and similarly for Xw{cL,n,m,x). 

Let W he a restricted Ag-module of level £. Set 

Uw = span{ci(x), Xw{ci,n,m,x) \ a E A, m,n E Z} C £{W). (7.68) 
In view of fl7.66|) . Uw is a r(q)-local subspace of S(W), where 

r(g) = {g™ I m G Z} C C\ 



We also have 



RqnCi{x) = ci(x), (7.69) 

RqrXw{cL, n, m, x) = Xw{ci, n, m, q^x) = q"^Xw{a, n, g™'^''x) 

= q~^X]y{(i,n,m + r,x) (7.70) 
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for a G A, m,n,r G Then Uw is stable under the action of of r(g). In view of Theorem 
16.41 and Lemma 14.121 Uw generates a vertex algebra Vw with W as a. quasi module. 

Next we determine the vertex algebra structure of Vw- The fact is that the structure 
of VV depends on if g is a root of unity. Here we shall just consider the case that q is not 
a root of unity. That is, for any m,n & Z, q"^ = g" if and only if m = n. In view of (|7.66|) 
and Proposition 13.131 we have the following relations in Vw for a,b & A, m, n,r,s G Z: 

Xw{cL, n, m, x)oX{b, s, r, x) = 6m,r-nXw{cib, n + s,r — n,x) 

-5m,s+rXw{ba, n + s,r,x) + {a, b)5n+s,o5-m,r-nCl{x), (7.71) 

Xw{a, n, m, x)iX{b, s, r, x) = {a, b)6n+s,oSm,r-n£, (7.72) 

Xw{(i,n,m,x)kX{b, s,r,x) = for A; > 2. (7.73) 

To determine the vertex algebra Vw, first we construct an affine Lie algebra. 

Lemma 7.11. We define a non- associative algebra with the underlying vector space 

C,[t±\t±i] = C[t±\tf], (7.74) 

equipped with the multiplication 

(^0^1 )('^0^l) ~ ^n+m,rtQ t^ (7.75) 

for m,n,r, s G Z. Endow this non-associative algebra with a bilinear form defined by 

(^0^]"'^0^l) ~ ^n+s,0^m+n,r (7.76) 

for m, n,r,s ^ Z. Then this algebra is associative and the bilinear form is symmetric and 
associative. 

Proof. This algebra is associative as 

v o l/ VV 1 )\ IJ) — "ra+m,,r V''0 1/v''0 1 / — '■'n+m,r'-'k+l,m'^Q ''1; 

((^0^l)(^0^]")) (^O^l) ~ '^fc+«,m(^o'^'^^l)(i^0^l) = ^k+l,ra^k+n+l,rt^^~^'^t\ 

— A A j.k+n+sj.1 

'Jk+l,m^m+n,r'^0 ''I- 

The bilinear form is symmetric since 

^n+s,0^m+n,r ^n-i-s,0^r—n,m ^n+s,0^r+s,m 

and it is invariant because 

rotT,tt>t[) = <p{{tmitot[)), 
where (j) is the linear functional on C*[t^^,t^^] defined by 

(j){totT) = Sn,o for m, n G Z. 
This completes the proof. □ 
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Now, we have an associative algebra A ® C^[t^^ ,tf^] equipped with a symmetric in- 
variant bihnear form (-, ■). Clearly, the bilinear form is also invariant when yl®C*[t^^, tf^] 
is viewed Lie algebra. For convenience, we set 

A, = A(^C44\tf]. (7.77) 

Form the affine Lie algebra 

X = {A®C,[4\tf'])®C[t,t-']®Ck. (7.78) 

Denote by {£, 0) the N-graded vertex algebra associated with the affine Lie algebra A^ 

of level £. Comparing ()7.71|) - ()7.73|) with ()7.75|) and ()7.76p we see that Vw is an A*-module 
of level £. Using the same arguments as we used for Proposition 17.41 falso for Proposition 
I7.9|) we immediately have: 

Proposition 7.12. Let A be an associative algebra equipped with a symmetric invariant 
bilinear form (■, ■) and let q be a nonzero complex number which is not a root of unity. Let 
Aq be the quantum torus Lie algebra defined in ^7.6(J{ ). Let A^, be the Lie algebra defined 
in \1. 77\ ) equipped with the symmetric invariant bilinear form. Let W be any restricted 
Aq-module of level £ G C, on which the central element Ci acts as zero. Then there exists 
a unique quasi (£, 0)-module structure on W with Yw{a ® t^t" , x) = X{a, m, n, x) for 
a E A, m,n E Tj. 

Remark 7.13. One can also study the case with q a root of unity and we leave this 
exercise to an interested reader. If g is a primitive kth root of unity, then 

X{a,m,rk + n,x) = X{a,m,n,x) (7.79) 

for a E A, m,n,r E Z. In this case, the corresponding vertex algebra is smaller. 
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